Electric Cirguits Prof. Shayla Sawyer
Questions:

What are some important Laplace transforms?
What is atransfer function?

What are poles?

What are zeros?

Why isthe left half plane significant?

Review RLC series circuit: 2nd order differential equations

1)
RLC series circuits
R 1 L 5 C
AN YN {}
1E-4 1E-8

E‘DVS

t<O0

In the above circuit, the voltage sourceis Vs =
10v 0O<t

- 110~ 4 =110~ 8
Ly:= 100 °H Cq:=100 °F

a. For what range of resistor values is the circuit overdamped?

The circuit is overdamped when a>w0, giving

R 1
a= — wo= —

2L Y LC
R 1
2L JLC

-4
no 2 201010 - 200
VLC J 110 *noo®

R > 200

b. For what resistor value is the circuit critically damped?

The circuit is critically damped when a=w0

R = 2L
\/L_C R = 200¢2
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c. For what range of resistor values is the circuit underdamped?

The circuit is underdamped when a<w0

R < 200(2

Determine the voltage across the capacitor as a function of time, Vc(t), when

d. R=2000Q

Rg := 200052 (circuit will be overdamped)

_ 61
wo—lxlo g

— / 2 2
S1d = "ot ja Wy

1
sy = ~5.013x 10" =
S

— / 2 2
S)d = o~ ja Wy

1
Spq = ~1.995% 10" =
S

Overdamped takes the form of two decaying exponentials

V() = Alﬁxp(—5.013ELO4t) + Az@xp(—1.99m07t) +Ag

The t goes to « DC steady state solution give the A3 term A3=10

The inital conditions give

VC(O+) = A+ A, +10=5
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+ +
avclo') = IC(CO ) = IL(CO ) = 0= -50110"A - 1.99110'MA,

this equation is the derivative of the one above it, the left side comes from the definition of the
capacitor and the series condition of the RLC

1 1
My = 4 7
-5.01010" -1.99(10 Vo = K™ +K ¥

c =

d=| 4
X4 =M, 1T

1=Mp 1y

_(-5.013

171 0013
Ald = _5013
A3 = 10

V() = _5,0130xp|-5.013110%) + 0.013txp( 1.991107%) + 10
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Determine the voltage across the capacitor as a function of time, Vc(t),

when

e. R=200Q

Re = 20002 we know from above that this is critically damped

o
M2

=

1
a=1x102
S

1
O [L T,

bl
wo—lxlo g

6 6
Ve = A 1@xp(—1[10 t) + Azmxp(—lmo t) +As
The t goes to « DC steady state solution give the A3 term, A3 =10

The initial conditions give

velo?) = Ay 0+ Ao+ 10=5

Aq+10=5
Aqgi=-5
+ +
avclo') = IC(CO) = IL(CO) = 0= -1010%A +A,

0= —5{-110°) + A,

_ 6
A, = -5[10

V(t) = _saxpl~1010%) - 510%@xp(-110%) + 10
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Determine the voltage across the capacitor as a function of time, Vc(t), when

f. R=20Q
Rf = 20Q2 we know from above that this is
underdamped
Ry
w 2L1
1
o= 1x10°=
S
o = 1
o A
J b€
61
wn=1x10"—
0 S
5= woz_az

1
3= 9.95x 10°=
S

5
V() = exp 0 t[@(A 1mos(9.9smo5t) + AZSin(Q.QSELOSt) ) +Ag

The t goes to « DC steady state solution give the A3 term A3 = 10

The initial conditions give
( +) cos(0) =1

de(o+) _ |C(o+) _ |L(o+)

= 0= -1010°A + 9.95010°A,

ot C C
_sf-1110°) 1+9.95(10°A, = 0
A, = 0.503

V() = exp 1ﬂ°5t[6(—5mos(9.95m05t) +0503in(9.9500%) ) + 10
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Electric Circuits Prof. Shayla Sawyer

2)  Find the Laplace transform of the following function
f(t) = (5lexp(-5t) — 10téxp(-5t) + 10)u(t)
multiply it out
5exp(—5t) [ (t) — 10te@xp(-5t) m(t) + 10mi(t)
exp(—at)u(t)  mean +5
5 -10 10
+ +

s+5 (S+5)2 S

2s+1

3

3). F(S) = >
S +6s +8s

What are the poles and zeros

Zeros 2s+1=0 s:%l z=-05
Poles s(sz+6s+ 8) pp=0
S (s+4)(s+2) pp = -4
p3= -2
Write F(s) as
2(s+0.5)
sl{s+ 2)[{s+ 4)

Draw the pole zero diagram

pole at zero implies a DC term

poles are on the real axis and negative
overdamped response
No imaginary term
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Using partial fraction expansion find f(t) including values for all A
coefficients

2(s+05) ﬁ+ Ay Az

s[ﬂs+2)[ﬂs+4)_ S s+2 s+4

break into parts

L gy = L 1EE? =
(AL (A L As . _
) 1(?j“ 1(@% 1[E—4j = AgIB() + AgE Zu() + AgE *u(y

' = (Al +ALE M+ AgE 4t>m|(t)

Use the cover up rule

Find AL, multiply both sides by s (denominator of A1l term), evaluate at the pole, s=0

Aq

2(s+0.5)3 Agls Agls
= Al+— + — ats =0

Ss+2){s+4) s+2 s+4

o~

Find A2, multiply by s+2, evaluate at -2

A2
Asl(s+2) Ajlls+2)
2(s+05)(s+2) _ Ay(s+2)+ 2 43 at s=-2
s+ 2)[{s+ 4) s+2 s+4
Ao = 0.75

Find A3, multiply by s+4, evaluate at s=-4

Ag = —0.875

7 of 10



Electric Circuits Prof. Shayla Sawyer

0.125 N 0.75 0.875

F(s) =
S s+2 s+4

f(t) = (0.125 +0.75¢ - 0875 4‘) ()

poles are real and negative, exponentially decaying terms

What happens with a pole at +4

L 1_ A1@4t not decaying!!!  Not stable

For a stable response poles must be in the left half of the pole zero diagram

Real component of a pole must be negative

s+1
3) F(s) =
(s+4){s+ s+ 2)
Zeros -1
Poles -2,-3,-4
s+1 Al A2 A3

= + +
(s+4)[s+3)[(s+2) s+4 s+3 s+2

Find Al using the cover up rule

s+1 -4+1

Grousry L owst Mgty

Find A2 using the cover up rule

s+1 -3+1
A

ats = -3

- = A2
(s+4){s+2)

27 (B a3+
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Electric Circuits Prof. Shayla Sawyer Fall 2014

Find A3 using the cover up rule

s+1 _ -2+1 _
———————=A3 . Ag= - = 0#0.5
(s+4)(s+3) (-2+4)(2+3)

f(t) = (~L.50@xp(—4t) + 20exp(-3t) — 0.5exp(—2t))mW(Y)

Pole zero diagram
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