Electric Circuits Prof. Shayla Sawyer
ECSE 2010 CP14 solution

How do we analyze voltage dividersin the s-domain?

How do we analyze current dividers in the ss<domain?

How do we implement source transformations in the s-domain?
How do we apply s-domain analysisto circuits?

Review: Impedances with initial condition terms, Circuit transformation to the s-domain.

How do we use the transfer function to find the initial conditions for a circuit?
How do we use the transfer function to find the DC steady state ast - infinity?

Review

4s* +12s+8
F8)= (ora)sr af(s+1)

_ alfs+2)fs+1) - .o (s+2)
(s+8)fis+4)°lfs+1)  (s+8)[fis+4)

Zeros -2
Poles -8, —4double

Al A A3

F(s) = + +

S+8 sS+4 (S+4)2

£(t) = Age” B+ A e+ Agiie

Find Al using cover up rule

4D(S+ 2)ls+s) _ alfs+2)

(S+8)[Gs+4)2 (S+4)2 ats=-8

a8 + 2)

Aq~i=
le (-8 +4)2
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Find A3 using the coverup rule for s+4 at s=-4

(s+2)(s+4)° _ atfs+2) e

(s+8)fs+4)> (s+9)

o= 4222

A3C =2

Find A2 using F(0) or F(1)

(s+2)  -15 .\ A2 L2
(s+e)fs+a)? S*E STA (544 o)

15 A2
0063 = —— +— + —
4 16

—-15
— = —0.188

8

-2
— = —0.125

16

—.188 + —.125 = —0.313

0.063 + 0.313 = 0.376

0.376[4 = 1504

A2 =15
f(t) = —15@ &+ 15 4 - 2mE
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S-domain analysis

| +

a. Draw the s-domain equivalent circuit. V1 isan arbitrary source.
Symboalically, determine the transfer function for the voltage across the capacitor.

b.
c. If theinitial conditions are zero and V1 isastep function 5u(t), R = 1kQ and C = 2E-6F, find the
voltage across the capacitor.
d. If the source voltageis 10V for t <0 and 5V for t >0, R = 1kQ and C = 2E-6F, find the voltage
across the capacitor.
a R

VS(S@ Vc(0-)/s VC(S)

Voltage is across both components!

Vl(s) = Vg +Ve(07)

Whatis VZc? How do you find it? Voltage divider but account for the other source

1
o V(0™ V(0™
b __RC c(®) ), Ve(>)
VC(S) - 1 VS(S) B s * S First order circuits in the s-domain
S+ R_C for capacitors
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c. If the intial conditions are zero and V1 is a step function
Vq = 5u(t) Vq(s) = z VC(0+) = Vg(0m) =0
Rl = 1k(2 Rl(S) = 1kQ
- 1
Cp:=200"°F  Cy(s) = —=;
2o s Just by inspection
-t
H V(t) = -5@20% 7 +5
'A%
V1=5/s

+
C—) —— 1/2E-6s
V(g = =2 [éf’—oj o Ve(0T))  Ve(o)

¢ S+500 \ S VC(S)=L Ve(g) - — +_C

ge t U s s
_ 2500 RC
g = —
si{is + 500) 1l
R1ICy
Find poles and zeros
poles  0,-500
Zeros 0
A A
Fg= 220 -1, '2
sifs+500) S = S+500
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Coverup rule forAl 2500
2500(8 2500 17 "s00
= ats=0
sls+500) (s +500) Ag=5
Coverup rule for A2
2500
25000{ls +500) _ 2500 ats=500 P2 oo
si{is + 500) s
A2 =-5
-5
Vels) = -+
c(s) S S+500
_ — 500t
V(t) =5-5e

If the source voltage is 10V for t <0 and 5V for t >0, R = 1kQ'D9 and C = 2E-6F, find the voltage

across the capacitor.

d. because at t<0 10V Setup partd only!

VC(0+) = V¢(07) = 10V

5
Vs(s) =S
but because Vs goes to 5V
1
B V(0™ V(0™
RC C (
Vel9) = —FS [EVS(S) el )j+ ")
S+ —
RC
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V1=5/s

— 1/2E-6s

Vc0-= 10/s

VC(S) - S+500 \S s S

500 5 10) 10
+

10/s is easy so do it separately

500 =5 10
]+ =
S+500 S S

- &0 _ -
ith sfs+500) S S+500

Coverup rule forAl

~2500(3 —~2500 \teso
sifis+500) (s + 500) )
Coverup rule forA2
—2500[{s+500) _ ~2500  ats=-500
siis + 500) s
-5, s B
vels) = s " s+sm0 s

 —2500
M'_ 500
Al =-5
 —2500
Mv'_ —500
A2 =5
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Ve(t) = 5+10+5@

V(t) = 5+5@

RLC series circuits
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V1
>

. 11 c1
1E-4 1E-8

In the above circuit, the voltage source turns on at t = 0, with a voltage of 10V,

V1 =10u(t) and the initial conditions are zero.

a. Draw the s-domain equivalent circuit. Include your Laplace transform of the source term. Label your
component values using symbolic notation (eg. sL).

10/s(~)

ZR L4 ZC
1k 0.0001s 1E8/s

b. Using impedances, determine the transfer function for the voltage across C. Use symbolic terms in your

expression (R, L, C).

Zc
Vc(s)
1
sC
Vc(s) =
R+sl+—

V(s

T ZRtZ +Zc S
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V() = : divide by LC

1
LC
Vels) = V(s)
i Bl B 5
L LC

c. Using yoru result from part b., determine the transfer function for the current through the capacitor

Ve(s)
C
IC(S = Z How do you get the current through an element if the element is impedance
C Ohms law
1
o(9 = — &2
T2 R,
L LC
3
(s = V(9
2 R 1
SESLYLC

1
_ LC Lq:= 100 “H
V() = — R 1 WVq(s) d
ST+s— +— = 1[0~ 8
L LC Cd. 110 °F
Rd = 1k
CHS E—1><107E
Ldm:d 52 Ld S
1x 1012 0 10 - o
VC(S) = > —  comes from the fact that it is a step function iput
(s +sMMo’ + 1131012) S S

s+ s’ +1[0%2 = o
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( 2000000[3)/6 — 5000000 j

—ZOOOOOOR/_B — 5000000

200000036 — 5000000 = —1.01 X 10°

—2000000(3)/6 — 5000000 = —9.899 X 10°

10012 0
V(s) = 32
cl9) (s+ 1.0100%) s + 0.8001M08) S

Zeros: none
Poles: 0,-1.01[0° , —9.899[10°
v (S) _ 1|jl013 _ Al + A2 + A3
¢ si{s+1.0100°) s + 0.809M0®) S  s+10100° s+ 9.8990H0°

Coveruprule ForAl
100138 a4 s=o0
si{s + 1.01040°) tlis + 9.899[10°)

101013

(0 + 1.01005) o + 9.89940) = 10002

Cover up rule for A2

10023 lls + 1.01M0°)

= —1.010 5
S[ﬁs + 1.01&05) [ﬁs + 9.8995[06) at s 1.01110
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1o
(~1.010305 + 9.8991108) [{~1.01[A0®)

= —10.105

Cover up rule for A3

10%3l)s + 9.899006)
si{s + 1.01040°) tlis + 9.899[10°)

a s= —9.890010°

100 = 0.103
—9.899 108 [f—9.89908 + 1.01[40°)
13 _
100 10 10.1 0.103
Vc(s) = 5 6~ s 5" 6
sis+1.0100°) s + 9.809M08) S s+ 101M0° s+ 9.89900
- > — 6
V(1) = —10108™ 2OHO 4 o037 98PHO 4 4

e. For R1 =200Q, determine the voltage across the capacitor as a function of time fort> 0.

Done in team assignment 07

1105t

- — 6
V(t) = 10 — 1m0’ me M0 + 10
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f. For R1 = 25Q), determine the voltage across the capactior as a function of time for t>0

L¢ == 100” “H
Cs = 100 5F
Rf = 250
R
1 21 f 51
=1X107"— — =25X10" —
Lt [T s* Lt S
1002 0
VC(S) = 2

s® + s@5010° + 11012 S

s? +s@500° + 102 = o

—125000.0 — 992156.74164922147144i
—125000.0 + 992156.74164922147144i

pole 0,-1.2500° + 990407 , —1.25[10° — 9.9[10°[]

100%3 _
-1
—125[10° - 9.0010% ) | {15 — (~1.250105 + 9.90105 )]

Vel e

V(s) = & + A2 + A2
¢ S s+125[0°+9900°% s+ 12500° - 99007
For Al ats=0
100138

stfis? + s@.500° + 10012)

1008 _
02 + o2500° + 10012

10
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ForA2 ats = —1.25[10° — 9.9(10°]

100%3{ls + 1.25M0° + 9.9740% )
si{is + 1.25010° + 9,905 ) ls + 1.2500° — 9.9710% )

10013
(~1.25030° — 99005 ) ({—1.25090° — 9.900% + 1.25[40° — 9.9(105 )

10"
(—1.2500° - 9.9j[0®) ff—1.98j [0%)

= —5.021 — 0.634i

For A2* is its complex conjugate

—5.021 + 0.634j

A A Ay
Veld) = — + = e
S s+125[0°+9900°% s+ 12500° - 99007

V(9 = 10, -5021-0634  _ —5021+0634
¢ S s+12500° +9900% s+ 1.2500° — 9.9[10°

Now take the inverse transform

1[o™®
sifis — (-1.2500° - 9.900% ) | {15 — (~1.250405 + 9.90105 )|

remember

V() = (~s021 - 034) @(— 1.25(105-9.9010% ) [, (~5.021 + 0.634) @(— 1.250%+9.90105% )t |, .
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RLC series circuits

R L, C
AN AN I
1E-4 1E-8

®Vs

vV t<0

In the above circuit, the voltage sourceis Vs =
10v o<t

a. Draw the s-domain equivalent circuit. Include your Laplace transform of the source term. Label your
component values using symbolic notation. Remember to include any intial value source terms.

R N c1 o ¥
W AN i e
$0.0001 1E8/s

6 O/s

b. Using impedances, determine the transfer function for the voltage across C. Use symbolic terms in your
expression (RLC).

c V(o)) V(o)
Vels) = > R 1 Vs(s) Cs ¥ Cs
s + r S+ L_C

b. Using your result from b., determine the transfer function for the current through the capacitor. Use symboli
terms in your expression (R, L,C).
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d. Using partial fraction expansion and inverse Laplace transforms, for R1 = 2000Q), determine the voltage
across the capacitor as a function of time for t>0. Verify that the intial conditiosn and the DC steady state
conditions as t goes to infinity are satisfied.

1 12
_ -4 — ——— = 1X10“—
Lg=1x10 "H Ry := 20002 Ly Ty 2
Cq=1x10"8F Ezzxm?}
Ld S
VC (5): 5 1E12 (E—§j+§
s°+2E7s+1E12\ s s) s
1E12 5\ 5
ACES )2
s +2E7s+1E12\s) s

Apply partial fraction expansion

= — 4=
S+1995E7 s+5E4 s s

V. (t) = 0.0126 exp(~1.995E 7t ) — 5.0126 exp(— 5E4t ) + 10

V. (S) _ 0.0126 42 5.0126 4 5 5

V. (0) = 0.0126 - 5.0126 +10 = 5|\/ (check)
V. (t - ®)=0+0+10=10)V (check)
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0.2

s R gL

a. Symbolically, determine the genera expression for IL(s). Include initial condition
terms.

b. Using s-domain anaysis, determine the current through the inductor for source Is =
5u(t) mA

sL = UsC
é 0.5

Is(s)

@ R1

0.2

Vc(0-)/s

@ i @)

0

Use node analysis

1L(9 +1R(S) +1c(9) = 14(9
parameter VC(O')
of interest VA —o \V/ A~ .

T
C
" V(o)

Symbolically VA(S) AL

Va =V =sLm (s) - L (o)

remember VL is across both components
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ohms law
V(o)
oL (3)-Lm (o) SLOL(9-Lm (o) -—
IL(s) + +
ZR Zc

s (s -Lm (o) SLO(s)- L (o) - .

IL(S) + R + 1

sC

1L(9) [é% +1+ schj = Ig(s) + % m_ (o) +smrei (o) +cvg(o)

these are all initial conditions

1
 (s) = LC [@bove
L 1 1
S+ B+ —
RC LC

b. IS = SEII(t) ,MA initial conditions are ZERO!

5/s sL

69 § R2 0.125
0.2

1/sC
0.5

Fall 2014
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1 Lb ‘= 0.125
LC
RC LC Rb =02
! =16
LpCh
16
L= 5 8 ~ =10
S™ +10S+ 16 Rb[q:b
S= -2
S=-8
Partial fraction expansion
80 A1 A2 A3

=— 4+ —+—
slfs+2)[fs+8) s s+2 s+8
Cover up rule forAl ats =0
80
=5

o5 -

Cover up rule for A2 at s=-2

% - 667
—2[{-2 + 8) '

Cover up rule forA3 ats =-8

-g(-8+2)
you can check this by looking at what happens to
this circuitin DC steady state, Cap open,
I (S) = (5 —667@ 2+ 16672 St) m(t) inductor shorts currenet through inductor must be

5mA
then look at t=0, the initial conditions are zero so
IL(s) should be zero att=0 substitute in

5—6.667 + 1.667 = 0
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