ELECTRIC CIRCUITS
ECSE-2010

Lecture 10.1 '@'

@ Rensselaer

LECTURE 10.1 AGENDA

* Solving process
= Sinusoidal response

@ Rensselacr @

DYNAMIC CIRCUITS
yt) =y, +Yp
Homogeneous Response + Particular Response
yt) =Yy +Ye
Natural Response + Forced Response
Yn =Y Ye=Ye

Y(U) =Yz +Yss
Zero-Input Response + Zero-State Response

@ Rensselacr @

SOLVING PROCESS

Step 1: Draw Circuitatt=t, =0
Findi_(07), v.(07)

Step 2: Draw Circuitat t; =0":
Findi, , v,

Step 3: Draw Circuitatt — o
Findig, Vg

Step 4: Draw Dead Network
FindR,,, 7,
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SINUSOIDAL RESPONSE

v (%) C Tve

V;(t)=V, cosawtu(t) t=0
Sinusoidal Input That TurnsOnatt =0
@®Rensselaer @

SINUSOIDAL RESPONSE

Ve (t) = Ve (1) + V()

Ven (1) = Ke'" 1= R.C

Ve (t) Must Look Like Input

Ve (t) = Vi cos(at + ¢) = acosat + b sinat
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SINUSOIDAL RESPONSE

Ve (t) =acosat + b sinawt

Va cosat

dvcF+ 1 Ve = Vi _
dt | |R;C R,C

R.C

N\

+

(-~wasinat + wb cosat) 1(aco
T

\%
sat +b sinat) = 7Acosa)t

@ Rensselacr @

SINUSOIDAL RESPONSE

(a,b +a_VAJ=o (_w +$j=o

T T

V _ wrV,

a= A =
1+ or? 1+ a’r?

ve(t) =+ where: V. (t) =V, cos{at +¢) = acosat +b sinat
/ N\

Va
1+ wr?

v (t) =[Ke ™|+

(cosat +wr sinat)

Exponential + Sinusoid

SINUSOIDAL RESPONSE

\Y
(—wasinat + wh cosat) +1(acoswt +bsinat) = 7ACOSM
T

Combine coswt and sinat terms

-

A - \b\
&)b +7——Aﬂcosa)t +E—wa +—}sina)t =0
T r \\ T//
7/\‘ / — 2Equations
0 0 Solve for aand b
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SINUSOIDAL RESPONSE

V() =Ke™" +V7A(cosa)t +wr sinax)

1+ o r?
1

Need to find K; Use Initial Value

SINUSOIDAL RESPONSE

+

Ve(t) =

— VA Wil
(VO 1+a)2r2Je
}
Natural Response

|

1+\Z\2r2 (cosar +wr sina)

i
Forced Response

l (with v, in Standard Form)

ve() {[v T

%\/HVAW cos(wt + 0)

f=tan™(~wr)
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— — + VA
VCO_VO_K 1+CUZT2
— _ VA
K=V 1+ ar?
@Rensselaer @
SINUSOIDAL RESPONSE
Natural Response  Forced Response

+

Yo cos(at +6)

- _ Va ~t/7
ROk = vver

Natural Response - 0in =571

Forced Response — Sinusoid at samef as Input
Different Amplitude and Phase
Forced Response — AC Steady State Response
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SINUSOIDAL RESPONSE

TCLOSE =0

SINUSOIDAL RESPONSE

X‘ I I

@ Rensselacr @

_ \\/
LY @) R
@ Rensselacr @
SINUSOIDAL RESPONSE
- \ !

\21
VAMPL = 5v
FREQ = 2k @

C1 == 50nF
IC=5
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Natural + Forced Response
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ELECTRIC CIRCUITS
ECSE-2010

Lecture 10.2 '@’

@ Rensselaer

LECTURE 10.2 AGENDA

= Series RLC Circuits

@ Rensselacr @

SERIES RLC CIRCUITS

2" Order Circuit
Series RLC Circuit
Input Output
-_
x(t) y(®
X(t) can be a y(t) can be a
Current or Voltag Current or Voltag

@ Rensselacr @

SERIES RLC CIRCUITS

v (0)

Thevenin : ) : .
. Find the Differential Equatio
Equivalent Relati " y
- elatin 0
Circuit ing ¢ () toy (B

@ Rensselacr @

SERIES RLC CIRCUITS

Vo (t)
KVL: Vo+v +Vg =V, i —cdve
. dt
di d’v, : dv,
=L—=LC—L v, =iR;=R,C—5
T de S

@ Rensselacr @

SERIES RLC CIRCUITS

v (t)

KVL: vo+v +vp =V

d?v,
dt?

2" Order Differential Equatia

dv, Constant Coefficient

LC- R CEH Ve =

@ Rensselacr @




SERIES RLC CIRCUITS

v (0)

d?v, dv,
t

LC dtzc + RTCTC +Vve = Vg

dve Rpdve, 1 _ 1
T —C4+ vy =—
d? L dt LC LC
@ Rensselacr @

Vi

SERIES RLC CIRCUITS

2
dd'zgc + Za% +afV, = v, Need Initial Condition:

dv .
0") and—=< (0
ve(07) p © .

dv, . _ 1.
—<(0")==i.(0
gt (0)=ci(©@)

SERIES RLC CIRCUITS

2
dVC+&%+ 1\/ -1

T~ T R/AVT

d? L dt LC ¢ LC

1 1 R, 1
= - — = =2
{LC} (seconds) af { L } seconds a

d?v, dv
dtzc + ZaTtC"'ach = a)CZJVT

@ Rensselacr @
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SERIES RLC CIRCUITS

v (t)

1t
V. =V, +—|idt
C co C'[[

Let's Let Output i(t
Vg =iR;

T

@ Rensselacr @

KVL: ve+v +v, =v, - di
T dt

SERIES RLC CIRCUITS

v, (1)

KVL: VetV +vg =v,
1¢ di o
VC°+E-[| dt+L o +Rei=v,

@ Rensselacr @

SERIES RLC CIRCUITS

v, (1)

i(t)

d 1. di ) d
—| Voo +t—|idt+L—+R.i [=—(Vv
dt[ @ CJ; , dt Tj dt( ")
i d3 di _dv
—+L—+R,—=—=L
C d& Tdt dt
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SERIES RLC CIRCUITS

. 2 .
L+LE+RTdI:%
c df dt dt

ﬁ+&$+i:i%

d?® L dt LC LC dt

d?i di . dv.
—+20—+afi=af—T
dt® dt afi=ag dt
LHS is the Same Form as Equation fg
Any Current or Voltage in Series RLC Circuit

Has the Same form for the LHS for itsflerential Equatio

SERIES RLC CIRCUITS

d?v, dv,
dtzc +2a dtc + Ve = Wy

V. (t) = Natural Response Forced Respc

Let's Look at the Natural Respor

@ Rensselacr @
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SERIES RLC CIRCUITS
Dot w22 et g, =0
Assume y, (tF Ké&
S+2staf=(

Characteristic Equatic

Roots are s ;5= -a +./a’ - %

V() =K' +K %'

@ Rensselacr @

SERIES RLC CIRCUITS

Case l:a*>«f 2 Real, Unequal Roo

s, =-a+\a’ - a=Rs

ToL
s, =-a-\a’-af _1
: : LC
‘ Vey =Kg* +K.e?
2 Decaying Exponentia
| Circuit is Overdampe|
@ Rensselacr @

SERIES RLC CIRCUITS
S+2staf = (

Roots are s ,,s=—a = a’-af

3 Possible Case

Case l:a°>«f 2 Real, Unequal Roo
Case 2:a’=«f 2 Real, Equal Roo
Case 3:a°<«f 2 Complex Conjugate Roc

@ Rensselacr @

SERIES RLC CIRCUITS
Case2:a’=«f 2 Real, Equal Roo
s=-a _R =1
s, =-a oL o LC

— -at -at
Voy =Ke " +Kte

Decaying Exponential Exponentially DampRdmp

Circuit is Critically Dampe|
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SERIES RLC CIRCUITS

Case 3:a°<af 2 Complex Conjugate Roc
sl:—a+\/ra)§:—a+ W:—a+ iB
s,=-a-\Ja’-af =-a- Jui-a’=-a-ip

— (—a+jpi -a-jpt
Vo, =Kg +K ¢

Ve =Ae " cos@B t+ @)

Exponentially Damped Sinusc

Circuit is Underdampe |

@ Rensselaer @

SERIES RLC CIRCUITS

Ve =€ (B, cos3 1) + B sing 1)

"{ BZ+B,” co ﬁt+tar’| ﬂ

-B
= tan'—2
¢ B

1

A=.B2+B)2;

Ven = Ae'”‘cos@ t+ (0) Exponentially Damped Sinusc

SERIES RLC CIRCUITS

— (—a+jB)t —a-jA)t  (@t=0: v, = K + K, must be Rea
Ve, =Kg€ +K ¢ K

oot eft+el” | &+ @A
Ven = |:(KB+K ) { 5 ]"-J(K;'K ) { o ﬂ

J
1

2

s Gl |
:e'”’t(Blcvos@ t)+B silnﬁ )
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SERIES RLC CIRCUITS

—5' :71 :71 = 0

ST « LC 10°(10°) 1x10
R | o | a?

30Q [15x16 | 2.25x 16°

20Q [1.0x16 | 1.0x16°

10Q | .5x10 .25 x 16°

@ Rensselaer @

@ Rensselacr @
SERIES RLC CIRCUITS
PARAMETERS:
R1 L1 NO00081 R=10
V1
ovde R 100uH c1
OVac n
TRAN = - C=5
Zero Input Respon:
@ Rensselacr @
SERIES RLC CIRCUITS
VC
Overdamped 3
I ,/’
\ Critically Damped R= 2@
b \ \/W
R e
AN .
"""" Underdamped R
t
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SERIES RLC CIRCUITS

Example:
1H

1 >y 2 ~ N

TCLOSE =0s L v
Rvar

C == .250F
1K, 4K, 8.5K IC: 15v

PARAMETERS:
Rvar = 4k

“\F

Zero Input Respon:

@ Rensselacr @

SERIES RLC CIRCUITS

I I I
I I N !
| I o it I
Overdai*nped (I#: 8.5K) l
(blue trace) | |

—[-Underdamped: (R=1K) ‘

A/j/ (yellow trace)
o ., \q/ "V

@ Rensselacr @




ELECTRIC CIRCUITS
ECSE-2010

Lecture 10.3 '@’
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LECTURE 10.3 AGENDA

= Parallel RLC circuits
= 20 order step response

@ Rensselacr @

PARALLEL RLC CIRCUITS

O @) Re llRL Ve Ll

PARALLEL RLC CIRCUITS
. . Output =i

PYSNDRTIT

KCL: ic+i, +ig =iy v=L=t

di,
—+ j =c—=LC
d ¢ Tt dt?

@ Rensselacr @

v _Lad
R, R;

ie,

Norton o _
Equivalent KCL: g +i +ig =iy
Circuit
@ Rensselacr @
PARALLEL RLC CIRCUITS

Output =i,

(0 @: ral b Ll

—

Lcdlzl— +Ld|7|— iL:|N
d? R, dt

@3, . 1 di, 1. 1.
+ +——j

=—I
dt? R, Cd LC" LC"
@ Rensselaer @

PARALLEL RLC CIRCUITS
. . Output =i

PYSNDRTAIT

di, . 1 di, 1. _ 1.
>t + IL=7=Iy

dt R,Cdt LC LC
2,

O('th +Zad'L+a§| =i,
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PARALLEL RLC CIRCUITS _
. . Output =i,

(0 @: ral 3V Ll

1
q=

dt?
Same Form of Equatlon asfor SeriesRLC o=
| Slightly Different @ | LC

@ Rensselacr @

sawyes@rpi.edu www.rpi.edu/-sawyes

d'L+2ad'L+w§| =afi, _ZRC

PARALLEL RLC CIRCUITS

Parallel RLC Circuits
LHS of Differential Equation is Same for Any Output

Natural Response for Any Output

d{;‘ +20'OIyN +afy, =0

Same as for Series RLC Circuits

@ Rensselacr @

PARALLEL RLC CIRCUITS
Natural Response

2
ddtyz” Y+ agy, =0
Characteristic Equation
§+2as+af =0
Same Roots as for SeriesRLC

Overdamping, Critical Damping, Underdamping
— R—— @ Rensselaer @

2% ORDER STEP RESPONSE

Any 2™ Order Circuit
Input = Au(t) = Step Function
Equation Relating Output to Input

d2y d

8, o ta y+aoy Au(t)

@ Rensselacr @

2% ORDER STEP RESPONSE

d2
azyy+aﬂ+aoy=Au(t)
dy, ady, A

t
dt? azdt azy azu()

Can AlwaysDeflnea—% =2

d’y dy
2 =-_
dt2 agy

— R—— @RBHSSGIHBI' ()

2% ORDER STEP RESPONSE

dt?
Natural Response

d’y dy A
—L +20—L+afy =—u(t
o ey . ®

Characteristic Equation
§+2as+af =0

Rootswill dwaysbeats, s, =-a+.a’* -«
Overdamping, Critical Damping, Underdamping
@ Rensselacr @

sawyes@rpi.edu www.rpi edul~sawyes




2% ORDER CIRCUITS

The Differential Equation for ANY Output for

ANY 2™ Order Linear Circuit Can be Written as:
fjtz + Za + afy =f[x(®)]
Characteristic Equatlon will Always be:
§+2as+af =0
Natural Response Will Always Be:
Overdamped, Critically Damped, OR Underdamped
canes@picdu i cdul-sanyes @RerEbe]der @

2% ORDER STEP RESPONSE

Roots of Characteristic Equation

S, S, =-at m
S, S =@ (= £4(¢* )
{ >1=> Overdamped
{ =1=> Criticaly Damped
{ <1=> Underdamped
J— —— @ Renssclaer ®

2" ORDER STEP RESPONSE

We Defined Za:%; of =

[ﬂ ] = (seconds) %, [%] = (seconds) "
a), = Undamped Natural Frequency

Could Also Define 2Jeq = 2; af =

{ = Damping Ratio
{ has no units

camesrpedu o rpicul-sanyes @Rﬁmse}aﬁr @

)
a,

&

2% ORDER STEP RESPONSE

yt) =Yy +Ye
Yy => Overdamped,

Critically Damped,

or Underdamped

For Step Input = x(t) = Au(t)

Ye = A Constant
a,

sawyes@rpi.edu www.rpi edul-sawyes

@ Rensselacr @

2% ORDER STEP RESPONSE

Step Response Provides Best Way to "See" y

Input = Step
Output =y, +y; =Y, +Constant
Time Behavior of Output is Determined by y,

— R—— @ Rensselaer ()




