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Group Decoding for Multi-Relay Assisted
Interference Channels
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Abstract—This paper proposes group decoding and analyzes
the associated rate allocation schemes for the relay interference
channel where multiple relays assist the transmissions from the
sources to destinations. All the relays and destinations employ an
advanced decoding strategy called constrained group decoding,
where the desired messages are decoded jointly with some
interferers’ messages when doing so is beneficial. This paper
considers two types of relay systems, the hopping relay system
with no direct source-destination links, and the inband relay
system with direct source-destination links. For each relay type,
the objective is to design the relay assignment and the group
decoding strategies at the relays and destinations, in order to
maximize the minimum information rate among all source-
destination pairs. For hopping relays with pre-specified relay
assignments, we provide the optimal distributed algorithm for
solving the above max-min rate allocation problem. Moreover, for
hopping relays with dynamic relay assignments, and for inband
relays, the problem becomes intractable and we offer heuristic
schemes that perform close to the optimum solutions. Numerical
results demonstrate the significant performance improvement
provided by the proposed group decoder over the traditional
systems that employ the linear minimum mean-square error
(MMSE) decoders at both the relays and the destinations, where
all interference is treated as noise, as well as the effectiveness of
the proposed dynamic relay assignment strategies.

Index Terms—Interference channel, layered coding, con-
strained partial group decoding, rate allocation, distributed
algorithm, rateless code.

I. INTRODUCTIONS

INTERFERENCE channel is a fundamental building blockfor future wireless networks. The traditional decoding for
interference channel is to treat interference as noise and
suppress it [1], [2], [3], [4]. The fundamental limits for such
interference suppression schemes are well studied in [5],
[6], [7], [8], [9]. However, due to the increasing demands
for higher spectral efficiency, advanced decoding techniques
are needed which exploit the structure of the interferers’
signals. It is shown in [10] that partial or full decoding of
the interferers’ information is often helpful for recovering the
desired information. Motivated by this premise some recent
developments for the K-user interference channels propose
that each receiver should partition the interfering transmitters
into two groups, one group to be fully decoded along with the
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designated transmitter and the other to be treated as Gaussian
noise [11]. In the decoding process, the users to be decoded
are further partitioned into several smaller groups, whose sizes
are smaller than some maximum group size, and in each step
a group is decoded and subtracted from the received signal.
We call this the constrained group decoder [12].

On the other hand, cooperative communications [13], [14]
can offer significant performance improvement over the direct-
link communications. For practical considerations, the relay is
typically half-duplex and cannot receive and transmit simul-
taneously [15]. The relay-assisted transmission in interference
channel has been studied in [16], [17], where all interference
is treated as noise. It remains a challenging problem to design
coding and decoding strategies for relay-assisted interference
channels that employ advanced receiver techniques such as the
constrained group decoders.

In this work, we consider the design of a communication
system with multiple transceivers and multiple relays, where
the group decoders are employed at both relays and desti-
nations. We classify the relays as either inband or hopping,
where for inband relays there are direct source-destination
links and for hopping relays there are no such links. We for-
mulate the design problem as one to maximize the minimum
information rate among all source-destination pairs, over all
possible relay assignments and group decoding strategies at
both the relays and the destinations. This problem can be
optimally solved for a hopping relay system with a fixed
relay assignment. However, for general dynamic (i.e., channel-
dependent) relay assignment, and for in-band relay systems,
we propose efficient suboptimal algorithms to solve the above
max-min design problem. Our results indicate that compared
with the traditional systems that employ single-user receivers
at the relays and destinations, as well as those that employ
amplify-and-forward (AF)-based schemes [18], the proposed
systems that employ group decoding offer substantial increase
in sustainable rate for the interference channel.

We allow the relay nodes to assist multiple transceiver
pairs. As such, each relay is interested in decoding multiple
transmitters. Hence, the decoding strategy used by relays is
not restrictive about decoding any specific transmitter and
tries to obtain the best set of transmitters that it can assist
best. This is in sharp contrast with the decoding structure
of [12] where each receiver is mandated to decode exactly
one transmitter and decoding is optional, depending whether
doing so is beneficial. Therefore, following the ideas of group
decoder given in [12], we propose an extended constrained
group decoder where each receiver decodes a subset of the
transmitters instead of only one transmitter.
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The remainder of this paper is organized as follows. In
Section II, we present the system model under consideration.
In Sections III and IV, we propose the group decoding and rate
allocation schemes for hopping relay systems and for inband
relay systems, respectively. Numerical results are presented in
Section V, and Section VI concludes the paper.

II. SYSTEM DESCRIPTIONS

A. Transmission Model

Consider a communication system with K source-
destination pairs, where the communication is assisted by N
intermediate relays. Denote the direct channel between source

j and destination i by hi,j for i, j ∈ K �
= {1, . . . , K}.

Also, define fn,j as the channel from source j to relay n
and gi,n as the channel from relay n to destination i for

i, j ∈ K and n ∈ N �
= {1, . . . , N}. We assume quasi-static

block fading channels, i.e., the fading coefficients remain fixed
during one transmission period and change to independent
states afterwards.
We assume half-duplex relay transmission with synchro-

nized relays that operate in the same frequency band as the
sources do. The transmissions are accomplished in two phases
of durations M1 and M2 channel uses. In the first phase,
the transmitters are active during the initial M1 channel uses
and the relays are in the listening mode. By denoting the

transmitted signal of source j by x1
j

�
= [x1

j (1), . . . , x1
j(M1)]

the received signal by relay n ∈ N during the first phase is

yr
n =

K∑
j=1

fn,jx
1
j + vr

n , (1)

where vr
n

�
= [vr

n(1), . . . , vr
n(M1)] denotes the additive white

Gaussian noise and its components are independently and
identically distributed (i.i.d.) as NC(0, σ2)1. In the second
phase, all sources and relays are active during the re-

maining M2 channel uses. Similarly, by defining x2
j

�
=

[x2
j (1), . . . , x2

j (M2)] and xr
n

�
= [xr

n(1), . . . , xr
n(M2)] as the

signals of source j and relay n, respectively, during the second
phase, the received signals at destination i during the first and
second phases are given respectively by

Phase 1: y1
i =

K∑
j=1

hi,jx
1
j + v1

i ,

Phase 2: y2
i =

K∑
j=1

hi,jx
2
j +

N∑
n=1

gi,nxr
n + v2

i , (2)

where v1
i and v2

i denote the additive white Gaussian noise
with i.i.d. NC(0, σ2) components.

B. Relay Assignment and Relaying Modes

Each intermediate relay assists a group of source-destination
pairs, such that each source-destination pair is assisted by at
most one relay. We define the mapping c : K → {0} ∪ N

1NC(a, b) and denotes a symmetric complex Gaussian distribution with
mean a and variance b.

to characterize the assignments of the relays to the source-
destination pairs, where

• c(j) = n if source j ∈ K is assisted by relay n ∈ N ;
• c(j) = 0 if source j ∈ K is not assisted by any relay.

Let Sn be the set of sources assisted by relay n ∈ N , and S0

be the set of sources not assisted by any relay.
At the end of the first phase, each relay n ∈ N performs

group decoding to decode the sources in Sn; and in the second
phase, relay n re-encodes the message of each source j ∈ Sn.

By defining x̃j
�
= [x̃j(1), . . . , x̃j(M2)] as the re-encoded

message of source j, relay n then employs superposition
coding to combine the re-encoded signals of all sources in
Sn and constructs xr

n as

xr
n =

∑
j∈Sn

x̃j , for n ∈ N . (3)

From (2) and (3), the received signal at destination i during
the second phase is given by

y2
i =

K∑
j=1

hi,jx
2
j +

N∑
n=1

gi,n

∑
j∈Sn

x̃j , +v2
i

=
K∑

j=1

hi,jx
2
j +

K∑
j=1

gi,c(j)x̃j + v2
i , (4)

where gi,c(j) for i, j ∈ K denotes the gain from the relay
that has re-encoded the message of source j to destination

i, and we define gi,0
�
= 0 for i ∈ K. We assume that all the

transmitted messages by the sources and their relay re-encoded
versions satisfy the power constraint P , i.e., 1

M1
E[‖x1

j‖2] ≤
P , 1

M2
E[‖x2

j‖2] ≤ P , and 1
M2

E[‖x̃j‖2] ≤ P for all j ∈ K.
We consider two types of relaying schemes. First, we

consider hopping relays where there is no direct source-
destination link (∀i, j, hi,j = 0) and destination i decodes
source i through the received signals from the relays in the
second phase. Secondly, we consider inband relays where
the relays and sources share the same frequency band and
destination i decodes source i by receiving both the direct
and relayed transmissions.

C. Group Decoding at Relays and Destinations

Motivated by the premise that each destination, while not
interested in decoding the messages of the interferers, can ben-
efit from decoding them and improve its own communication,
we allow each destination to decode a subset of the interferers
along with the desired messages. Any interferer that is not
decoded will be treated as Gaussian noise. More specifically,
each destination i ∈ K, although ultimately interested in
decoding only its own signals x1

i and x2
i , can also decode

some interference x1
j or x2

j for some j �= i in order to
improve the transmission rates of x1

i and x2
i . To achieve this,

each destination i ∈ K performs multi-stage successive group
decoding, by partitioning the user signals {x1

j , x
2
j}j∈K into

several groups and decoding one group in each stage, until
the desired signals x1

i and x2
i are decoded. To control the

decoding complexity, the size of each group should be smaller
than some maximum value, hence the name constrained group
decoder.
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Similarly, we also allow the relays to perform constrained
group decoding. Each relay n ∈ N partitions the sources
signals {x1

j}j∈K into several groups and decodes a group of
sources in each stage in the successive group decoding, until
the assigned sources Sn are decoded.
Determining the optimal choice of group partitioning at

both the relays and the destinations depends on the objective
function to be optimized. A typical objective is to maximize
the minimum rate of sources. Usually a distributed group
partitioning algorithm is favored, where each node locally
finds its optimal group partition with limited information
exchange between them. For example, for an interference
channel with K transceiver pairs, an optimal distributed group
partitioning and rate allocation algorithm is developed in [12]
to maximize the minimum rate of the transmitters, where each
receiver locally partitions the groups and allocates the rates for
the transmitters.
In this work, we employ the same criterion, which is to

maximize the minimum rate of all sources. We aim to design
a distributed group partitioning and rate allocation mechanism
at both the relays and destinations, with limited information
exchange among the sources, relays, and destinations. Note
that in the proposed scheme we assume that each node only
needs to know its incoming channels and not transmitter-side
channels.

D. Problem Statement

We assume that the receivers at both the relays and desti-
nations perform constrained group decoding, i.e., they decode
a subset if the interferers along with the desired messages.
Any interferer that is not decoded is treated as Gaussian
noise. Denote R1

j and R2
j as the rates of the source mes-

sages in the first and second phases, respectively, and define
t � M1

M1+M2
. Then, the overall rate of source j ∈ K is given

by Rj = tR1
j + (1 − t)R2

j . Denote R1 �
= [R1

1, R
1
2, ..., R

1
K ],

R2 �
= [R2

1, R
2
2, ..., R

2
K ], and R = tR1 + (1 − t)R2.

Let C ⊆ {c | c : K → {0} ∪ N} denote the set of valid
relay assignment mappings. We are interested in the max-
min rate allocation for the relay assisted interference channels,
which maximizes the minimum rate among all sources, i.e.,
maxminj∈K Rj , where the maximization is over all valid
relay assignments, all possible group decoding strategies at
the relays and the destinations, and all rate vectors R such
that R1 is decodable by the relays, and R is decodable by
the destinations.

III. HOPPING RELAY SYSTEM

Since there is no direct source-destination link, the channel
coefficient hi,j = 0 for all i, j ∈ K. Therefore, the sources
cannot send the messages in the second phase, i.e., R2

j = 0
for all j ∈ K. To ensure that the messages of all sources can
be decoded by the desired destinations, each source must be
assisted by one relay, i.e., c(j) �= 0, ∀j ∈ K.
For each relay n, we partition the set of sourcesK into Gn =
{Gn

1 ,Gn
2 , ...,Gn

qn+1}. Relay n employs a qn-stage successive
decoding, where in the mth stage, for 1 ≤ m ≤ qn, the
messages of Gn

m are decoded by treating ∪qn+1
�=m+1Gn

� as noise,

and then subtracted from the received signal. To control the
decoding complexity, we constrain that |Gn

m| ≤ μ for all 1 ≤
m ≤ qn. Clearly the set of sources Sn that should be decoded
at relay n satisfies Sn ⊆ ∪qn

m=1Gn
m, and Gn

qn
∩Sn �= ∅. We say

that the partition Gn is valid if

1) |Gn
m| ≤ μ for all m ∈ {1, . . . , qn};

2) Sn ⊆ ∪qn

m=1Gn
m, and Gn

qn
∩ Sn �= ∅.

We define Gn as the ensemble of all valid partitions of K at
relay n.
Similarly, each destination i partitions K into Qi =
{Qi

1,Qi
2, ...,Qi

pi+1}, and deploys a successive decoding pro-
cedure consisting of pi stages. In stage m, for 1 ≤ m ≤ pi,,
the messages of Qi

m are decoded by treating ∪pi+1
�=m+1Qi

�

as noise, and then subtracted from the received signal. We
constrain that |Qi

m| ≤ μ for all 1 ≤ m ≤ pi, i ∈ ∪pi

m=1Qi
m,

and Qi
pi
∩ {i} �= ∅.

Recall that our objective is to jointly optimize the relay
assignments, rate allocations and group decoding strategies at
all relays and destinations, which in general is an intractable
problem. In the proposed solution, we first obtain a good relay
assignment and then optimize the rate allocation and group
decoding for this assignment. In this section, we first solve
the problem of rate allocation for any given relay mapping,
and then discuss how to obtain a good relay mapping.

A. Rate Allocation for Fixed Relay Assignment

Given a relay mapping c(·), the rate allocation for group
decoding is formulated as

maxR,{Qi},{Gn} minj∈K Rj ,

s.t. R1 is decodable by relays,
R is decodable by destinations.

The above problem can be optimally solved by combining
solutions to the rate allocation problems for both source-relay
and relay-destination interference channels, as stated in the
following Theorem 1.
Theorem 1: Consider the following rate allocation prob-

lems for the source-relay and relay-destination interference
channels, respectively,

max
R,{Gn}

min
j∈K

Rj ,

s.t.
R

t
is decodable by relays; (5)

and max
R,{Qi}

min
j∈K

Rj ,

s.t. R is decodable by destinations. (6)

Assume that Ra �
= [Ra

i ]i∈K and Rb �
= [Rb

i ]i∈K achieve the
optimal solutions to (5) and (6), respectively. Then an optimal

solution to (5), denoted by R̄
�
= [R̄i]i∈K, is given by R̄i =

min{Ra
i , Rb

i} for i ∈ K.
Proof: We prove Theorem 1 by contradiction. Assume that

R̄ = [R̄j ]j∈K is not a solution to (5). Letting R̂ = [R̂j ]j∈K be
a solution to (5), we have minj∈K R̂j > minj∈K R̄j . Assume
R̄j′ = minj′∈K R̄j for some j′ ∈ K, and without loss of
generality let R̄j′ = Ra

j′ . We have

min
j∈K

R̂j > min
j∈K

R̄j = R̄j′ = min
j∈K

Ra
j , (7)
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which contradicts with the fact that R̂ is decodable by the
source-relay interference channel with the optimal max-min
rate solution Ra. On the other hand, since the minimum rate
of any solution to (5) should be smaller than those of both (5)
and (6), and R̄ achieves this bound, R̄ is an optimal solution
to (5). �
According to (4), the interference channel at the destinations

is equivalent to a conventional K-user interference channel
(i.e., there areK transmitter-receiver pairs and receiver i needs
to decode the message from transmitter i), where the channel
gain from transmitter j to receiver i is given by gi,c(j). On the
other hand, for the source-relay side, there are K transmitters
and N receivers, where K is not necessarily equal to N and
each relay n ∈ N is interested in decoding a subset Sn of
sources. In the sequel we propose a distributed algorithm to
solve the rate allocation problem (5), which can also be used
to solve (6).
For any subset A ⊆ K, define RA

�
= [Rj ]j∈A. Also, for

any disjoint D,V ⊆ K and n ∈ N , define

Ln(D,V)
�
= log

(
1 +

∑
j∈D |fn,j|2P

σ2 +
∑

j∈V |fn,j|2P

)
, (8)

as the achievable sum rate of the sources in D at relay n
where those in V are treated as AWGN. Furthermore, for any
disjoint U ,V ⊆ K, we define

Cn(U ,V)
�
= {RU ∈ R

|U|
+ :

∑
j∈D

Rj ≤Ln(D,V), ∀D ⊆ U} (9)

as the achievable rate region of sources in U when treating
those in V as AWGN. Given the partition Gn = {Gn

m}
qn+1
m=1

for relay n, at the mth stage the sources in Gn
m are decod-

able by treating those in ∪�>mGn
� as AWGN, i.e., RGn

m
∈

Cn(Gn
m,∪�>mGn

� ) for m ∈ {1, 2, ..., qn} and n ∈ N . Then,
the rate allocation problem (5) can be reformulated explicitly
as

maxR,{Gn} minj∈K Rj

s.t. RGn
m
∈ Cn(Gn

m,∪�>mGn
� ),

∀m ∈ {1, . . . , qn}, n ∈ N .

We propose a distributed solution to the rate allocation
problem (10) with limited information exchange between the
sources and relays. To reduce the amount of information
exchange, each relay n ∈ N locally determines its group
partition Gn = {Gn

m}
qn+1
m=1 and suggests a rate allocation

based on the strength of its incoming links. Then, each source
combines the suggestions of the relays to solve the rate
allocation problem (10). In this way, the information exchange
is limited to feeding back the suggested rates from the relays
to the sources.
In the following we formulate a local group partitioning and

rate allocation scheme at the relays. At each relay n ∈ N ,
given a valid partition Gn = {Gn

m}
qn+1
m=1 , we define

θn(Gn)
�
=

⎧⎨
⎩

maxR minj∈K Rj ,
s.t. RGn

m
∈ Cn(Gn

m,∪�>mGn
� ),

∀m ∈ {1, . . . , qn},
(10)

as the minimum rate of the sources allocated by relay n with
respect to the partition Gn = {Gn

m}
qn+1
m=1 . We maximize θn(Gn)

over all possible valid partitions Gn ∈ Gn, subject to the

constraint that all sources in Sn can be decoded at relay n, as
follows

θ∗n
�
= max

Gn∈Gn
θn(Gn). (11)

Next, for each relay n ∈ N , we propose a solution to each
sub-problem (11) based on the strength of its incoming links
|fn,j |2 for 1 ≤ j ≤ K .
For this purpose, we first introduce the notion of the rate

increment margin. For any decodable rate R̄ and any disjoint
U ,V ⊆ K, define

Δn(U ,V , R̄)
�
= min

D⊆U ,D�=∅

Ln(D,V)−
∑

j∈D R̄j

|D| , (12)

as the rate increment margin for the sources in U when
treating those in V as noise at relay n. In other words, if
each transmitter in U increases its rate beyond Δn(U ,V , R̄)
then at relay n the sources in U become undecodable when
treating those in V as noise. Note that, for R̄ = 0 and the
group partition Gn = {Gn

m}
qn+1
m=1 for relay n, for 1 ≤ m ≤ qn,

the maximum value of the minimum rate allocated rate to Gn
m

is given by Δn(Gn
m,∪�>mGn

� ,0).
Algorithm 1 optimally solves the rate allocation problem

(11) in a greedy manner, by successively partitioning the group
that maximizes the rate increment margin [c.f. (12)] over the
input decodable rate R̄. Let G denote the set of decoded
sources, which is initialized to be the empty set ∅; and let
D denote the set of undecoded sources, which is initialized to
be the set of all sources K. In each iteration �, Algorithm 1
identifies a group of sourcesQ ⊆ D, such that |Q| ≤ μ and the
minimum rate allocated to the sources Q by treating D\Q as
noise, i.e., Δn(Q,D \Q, R̄), is maximized. Subsequently the
undecoded source set G is updated to G ∪Q and the decoded
source set D is updated to D\Q. The group of sources decoded
in the �th stage, Gn

� , is the optimal group Q that maximize
Δn(Q,D \ Q, R̄), i.e.,

Gn
� = arg max

Q�=∅,Q⊆D,|Q|≤μ
Δn(Q,D \ Q, R̄); (13)

and the rate increment of sources in Gn
� , denoted as rn

j for
j ∈ Gn

� , is given by

rn
j = Δn(Gn

� ,D \ Gn
� , R̄). (14)

The sources Gn
� are then removed from the set of undecoded

sources D and added to the set of decoded set G. We iterate
the above group partitioning process until Sn ⊆ G, i.e., all
desired sources Sn are decoded. Then, since further decoding
is not necessary, we terminate the group partitioning process
and set the rate of undecoded sources to be positive infinite,
i.e., rn

j = +∞ for j ∈ D.
Note that Algorithm 1 generalizes the distributed group

partitioning and rate allocation algorithm proposed in [12]. By
setting the number of relays equal to the number of sources,
i.e., N = K, and the assigned sources Sn = {n} for each
relay n ∈ N , Algorithm 1 becomes the distributed group
partitioning and rate allocation algorithm in [12].
The optimality of Algorithm 1 is formally stated in Theo-

rem 2. It is very interesting that Algorithm 1 optimally solves
the rate allocation problem (11) in a greedy manner. The
proof is similar to that of the optimality of the distributed rate
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Algorithm 1 - Group Partitioning and Rate Allocation for Extended

Constrained Group Decoder

1: Initialize D = K, G = ∅, � = 1, and qn = 0.
2: repeat
3: Find Gn

� = arg maxQ�=∅,Q⊆D,|Q|≤μ Δn(Q,D \Q, R̄);
4: Set rn

j ← Δn(Gn
� ,D \ Gn

� , R̄) for all j ∈ Gn
� ;

5: Update D ← D\Gn
� , G ← G ∪ Gn

� ;
6: Update qn ← qn + 1, and �← � + 1;
7: if Sn ⊆ G
8: rn

j = +∞ for all j ∈ D, Qn
qn+1 ← D, and D ← ∅;

9: end if
10: until D = ∅
11: Output{rn

j }j∈K and the partition Gn={Gn
1 , ..., Gn

qn
,Gn

qn+1}.

allocation algorithm in [12]. The key ingredient is the same,
the submodularity and transitivity of achievable rate function
Ln(D,V) [c.f. (8)], as follows,

Ln(D1,V) + Ln(D2,V) ≥ Ln(D1 ∩ D2,V)
+Ln(D1 ∪ D2,V),

Ln(U ,V) + Ln(D,U ∪ V) = Ln(D ∪ U ,V), (15)

for disjoint sets U , V , and D. We present Theorem 2 as
follows, and omit the proof.
Theorem 2: The partition Gn = {Gn

m}
qn+1
m=1 yielded by

Algorithm 1 for the setting R̄ = 0 is an optimal solution
to (11). Moreover,

θ∗n = min
j∈K

rn
j , (16)

where [rn
1 , rn

2 , ..., rn
K ] is yielded by Algorithm 1.

Algorithm 2 iteratively runs Algorithm 1 for solving the
rate allocation of the source-relay interference channel. The
input decodable rate R̄ to Algorithm 1 is initialized to be
zero. In each iteration, each relay n ∈ N performs the group
partitioning and rate allocation according to Algorithm 1, and
then feedbacks the allocated rate increment rn

j to source j,
for j ∈ K. Since the partitioned groups should be decodable
at all relays, the rate increment for each source j ∈ K is the
minimum of the rate increments feedbacked from all relays,
i.e., minn∈N rn

j . Then, each source broadcasts its updated rate
to the relays, and in the next iteration the decodable rates R̄
for the relay group partitioning is set to be the updated source
rates. The following three points illustrate the optimality of
Algorithm 2. The proof is the same as that given in [12] and
thus omitted here.

1) For all q ≥ 1, R(q) is decodable and max-min optimal,
i.e., for any other arbitrary decodable rate vector R̃ we
have

min
j∈K

R
(q)
j ≥ min

j∈K
R̃j , ∀ q ≥ 1. (17)

2) The algorithm is monotonic in the sense that R(q+1) �
R(q) for ∀ q ≥ 1 and is convergent.

3) The rate vector yielded by Algorithm 2 upon conver-
gence is decodable, max-min fair, and pareto-optimal.

Algorithm 2 - Max-Min Fair Rate Allocation

1: Initialize R(0) ← 0, q ← 0;
2: repeat
3: R̄← R(q);
4: for n ∈ N do
5: Run Algorithm 1;
6: end for
7: Update R

(q+1)
j = R

(q)
j + minn∈N rn

j , ∀ j ∈ K;
8: Update q ← q + 1;
9: until R(q) converges
10: Output R(q) and the partitions {Gn}n∈N .

B. Dynamic Relay Assignment

In this subsection we focus on the selection of relay map-
ping for dynamic relay assignment. The selection is performed
in two steps, namely, the coarse assignment and the fine
adjustment. In the coarse assignment step, we find a relay
assignment c(·) to maximize the minimum rate for the source-
relay channels. It is possible that using such obtained relay
assignment c(·), some destination i ∈ K may suffer from
strong interference when decoding source i, resulting in a very
low rate for that source. Then in the fine adjustment step, we
adjust the relay mapping to avoid such low-rate events.
Before presenting the above two steps for relay assignment,

we first outline some main considerations in our design.
• Size balance: The coarse assignment step imposes that
the number of sources forwarded by each relay should
be approximately equal. Otherwise, if many sources are
forwarded by one relay, then in the equivalent relay-
destination channel they share the same channel gain.
Such an interference channel with equally strong inter-
ferers as the desired source has a low achievable rate.

• Identifying low-rate sources: Using the relay assignment
c(·) obtained in the coarse assignment step, we identify
the low-rate sources coarsely corresponding to the two
stages of the successive decoding, namely, the sources
decoded with the strongest sources and those decoded
with the desired sources. If a low-rate source is identified,
we adjust the relay mapping accordingly. Usually one or
two iterations of this procedure suffice to significantly
increase the minimum rate of all sources.

• Potential low-rate sources: According to Algorithm 1, for
the benchmark rate R̄ = 0, the group decoder decodes
the sources in an order from those with strong links to
those with weak links. For destination i, we denote the
strongest incoming link gm

i � maxn,Sn �=∅ gi,n, and set
the strong sources as those with the link gains larger than
a threshold, say δ1

i = 0.9 · gm
i , given by

A1
i � ∪n:gi,n>δ1

i
Sn. (18)

We assume that if the size |A1
i | ≤ μ, then the sources

decoded in the first stage is given by D1
i = A1

i ; otherwise
D1

i consists of the strongest μ sources in A1
i . An estimate

of the rate allocated to each source in D1
i is given by

r1
i =

1− t

|D1
i |

log2

(
1 +

∑
j∈D1

i
|gi,c(j)|2P

σ2 +
∑

j∈K\D1
i
|gi,c(j)|2P

)
. (19)

Similarly, to identify the sources decoded with the desired
source i, each destination i ∈ K sets another threshold,
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say δ2
i = 0.9 · gi,c(i), and stores the sources with the

channel gain larger than δ2
i but smaller than gi,c(i), given

by

A2
i

�= ∪n:δ2
i <gi,n≤gi,c(i)

Sn. (20)

Since at each destination i ∈ K the group decoder
decodes sources j with the channel gain gi,c(j) in a de-
creasing order, we assume that when source i is decoded,
the sources with link gains smaller than gi,c(i), denoted as
D̄2

i = {j : gi,c(j) ≤ gi,c(i)}, have not been decoded. We
assume that the sources decoded with the desired source
i is given by D2

i = A2
i if |A2

i | ≤ μ and D2
i consists of

the μ strongest sources in A2
i if |A2

i | > μ. An estimate
of the rates allocated to each source in D2

i is given by

r2
i =

1
|D2

i |
log2

(
1 +

∑
j∈D2

i
|gi,c(j)|2P

σ2 +
∑

j∈D̄2
i \D2

i
|gi,c(j)|2P

)
. (21)

• Feasible relay re-assignment: We assume that when
source i is re-assigned to relay n, the new link gain
from relay n to destination i should not be significantly
smaller than the original one gi,c(i). Based on this, we
set a threshold, say δ3

i = 0.8 ·gi,c(i), and each destination
i ∈ K finds a set of relays that source i can be re-assigned
to, given by

FD
i = {n : n ∈ N , gi,n > δ3

i }. (22)

Based on the above considerations, in the following we
present the two steps of our proposed relay assignment pro-
cedure.
1) Coarse Assignment: We consider the source-relay in-

terference channel and find a good relay mapping c(·) that
maximizes the minimum rate of all sources, subject to the
constraint that the each relay assists at most �K/N� sources.
To do this, we start by forcing each relay to decode all

sources, i.e., Sn = K for all n ∈ N , and run Algorithm 1 by
setting the initial decodable rate R̄ = 0 [c.f.(12)] and obtain
the partitions {Gn

m}
qn

m=1 (Gi
qn+1 = ∅) and the rates [rn

j ]j∈K
for all sources. If a source j ∈ Gn

m is decoded by relay n, the
sources belonging to Gn

1 ,Gn
2 , ...,Gn

m should be decoded before
source j, and thus the minimum rate yielded is given by

Rn
j

�
= min

p∈∪1≤�≤mGn
�

rn
p , ∀ j ∈ Gn

m. (23)

The coarse assignment is performed in the following two
steps:

• Initial assignment: Each source j ranks the received rates
Rn

j for n ∈ N in a descending order as follows,

R
σj(1)
j ≥ R

σj(2)
j ≥ ... ≥ R

σj(N)
j , (24)

where {σj(1), σj(2), ..., σj(N)} is a permutation set of
the index set {1, 2, ..., N}. We initialize Sn = {j :
σj(1) = n} for n ∈ N and the rank index dj = 1 for
j ∈ K, which means that source j is assigned to relay
σj(dj) = σj(1).

• Size balance: By noting that we constrain each relay to
assist at most �K/N� sources, we find a relay n with
|Sn| > �K/N� (if any) and re-assign some of its assisted
sources to other relays. We find the source j ∈ Sn that

maximizes the next rate R
σj(dj+1)
j if it is assigned to

relay σj(dj + 1), given by

k = arg max
j:j∈Sn,dj<N

R
σj(dj+1)
j . (25)

Then we remove source k from Sn and add it to
Sσk(dk+1), and update dk ← dk +1. We iterate the above
process until |Sn| ≤ �K/N� for all n ∈ N .

It can be proved that the size balance step terminates in finite
number of iterations, and in practice less than five iterations
suffice. Skipping the size balance step typically only causes a
slight rate loss.
2) Fine Adjustment: Given the relay mapping c(·) obtained

from the coarse assignment step, each destination i identifies
the sets A1

i and A2
i according to (18) and (20), respectively, as

well as the set of feasible relays FD
i given by (22). Then, we

perform the following adjustment of the relay mapping c(·)
by alternatively identifying the low-rate sources decoded with
the strongest sources and those with the desired source.

• Low-rate source decoded with the strongest sources: For
each destination i ∈ K, we compute r1

i according to
(19), and find the destination that minimizes r1

i given
by m1 = argmini∈K r1

i . A low rate event is detected
for destination m1 if and only if |A1

m1 | > μ, because
during the decoding of D1

m1 the undecoded sources in
A1

m1 \ D1
m1 may cause strong interference.

If a low-rate event is detected, we re-assign a source j ∈
A1

m1 \{m1} to another relay. Specifically, for each source
j ∈ A1

m1 \{m1}, we define its valid alternative relays as
n ∈ FD

j , such that R
n
j > r1

m1 , i.e., re-assigning source j
to relay n will not yield a rate of source j in the source-
relay channel smaller than r1

m1 . Then for each relay n,
denote B1

n ⊆ A1
m1 \ {m1} as the set of sources that it

can serve as their valid alternative relays. Note that re-
assigning a source j ∈ B1

n to a relay n will cause an
interference with the channel gain gm1,n to destination
m1. To minimize it, destination m1 selects the relay

n1 = arg min
n∈N ,B1

n �=∅
|gm1,n|, (26)

and re-assigns a source j1 ∈ B1
n1 to relay n1, i.e., updates

c(j1) = n1.
• Low-rate source decoded with the desired source: For
each destination i ∈ K we compute r2

i according to (21),
and find the destination that minimizes r2

i given bym2 =
arg mini∈K r2

i . A low-rate event is detected if and only
if |A2

m2 | > μ.
When a low-rate event is detected, for each relay n,
denote B2

n = {j ∈ A2
m2 \ {m2} : n ∈ FD

j , Rn
j > r2

m2}
as the set of sources that it can serve as their valid
alternative relay. Then destination m2 selects the relay

n2 = arg min
n∈N ,B2

n �=∅
|gm2,n|, (27)

and re-assigns a source j2 ∈ B2
n2 to relay n2, i.e., updates

c(j2) = n2.

After each relay re-assignment, we update the sets A1
i , A2

i ,
and FD

i . In practice, only one or two iterations of the above
fine adjustment steps are sufficient.
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IV. INBAND RELAY SYSTEM

A. Destination Interference Channels

1) Group Decoder for the Destinations: Consider the signal
model for the inband relay system in Section II-B. From (2)
and (4), it can be seen that the message intended to destination
i are transmitted by source i and relay c(i). Based on this,
we consider an equivalent virtual interference channel at the
K destinations with 2K transmitters T � {1, 2, ...2K}. For
i ∈ K, transmitter i sends x1

i from source i in the first phase
[c.f.(2)] (link gain hi,j from source j to destination i) and the
re-encoded x̃i from relay c(i) in the second phase [c.f.(4)] to
the destinations (link gain gi,c(j) from relay c(j) to destination
i); and transmitter i + K sends x2

i to the destinations in the
second phase (link gain hi,j from source j to destination i).
Destination i should decode transmitters i and i + K .
For this purpose, destination i partitions T into Qi =
{Qi

1,Qi
2, ...,Qi

pi+1}, and deploys a successive decoding pro-
cedure consisting of pi stages. In stage m, for 1 ≤ m ≤ pi,
the messages of Qi

m are decoded by treating ∪pi+1
�=m+1Qi

� as
noise, and then subtracted from the received signal. The same
as those for the group decoder for the source-relay interference
channel, we say that a partition of T at destination i is valid
if the following conditions are satisfied,

1) |Qi
m| ≤ μ for all 1 ≤ m ≤ pi;

2) the desired transmitters {i, i + K} ⊆ ∪pi

m=1Qi
m, and

Qi
pi
∩ {i, i + K} �= ∅.

2) Rate Allocation for the Destinations: We specify the
achievable sum rate for the destination interference channel.
For any D,V ⊆ T , let L2

i (D,V) be the sum rate of trans-
mitters D when those in V are treated as noise. Since the
destination interference channel is a time sharing of the sum
rates corresponding to the two phases, we have

L2
i (D,V) = tLS

i (D ∩ K,V ∩ K) + (1− t)LR
i (D,V), (28)

where LS
i (D ∩ K,V ∩ K) and LR

i (D,V) are the sum rates
corresponding to the first and second phases, respectively. The
sum rate for the first phase is denoted by LS

i (D ∩ K,V ∩ K)
because in the first phase only transmitters K = {1, 2, ..., K}
are transmitting. Let K̄ = {K+1, K+2, ..., 2K}. Based on the
characterization of the equivalent virtual interference channel,
the achievable sum rates corresponding to the two phases are
given by (29).
For each destination i ∈ K, given an 2K-tuple decodable

rate RD = [RD
1 , RD

2 , ..., RD
2K ] for the 2K virtual transmitters

at the destinations, we define

Δ2
i (U ,V , RD)

�
= min

D⊆U ,D�=∅

L2
i (D,V)−

∑
j∈D RD

j

|D| , (30)

as the minimum rate margin for the sources in U when treating
those in V as noise at destination i. The group partitioning and
rate allocation at each destination i ∈ K can also be performed
through Algorithm 1 with some modifications. We initialize
the set of undecoded transmitters D = T and the set of the
desired transmitters Si = {i, i + K}, and substitute the rate
margin Δn(U ,V , R) by Δ2

i (U ,V , RD) obtained from (30).
Recall that in the original rate allocation problem, we

maximize the minimum rate for each source j, i.e., maximize
minj∈K(tR1

j + (1 − t)R2
j ). It is difficult to extend the rate

allocation minj∈K min{tR1
j , (1−t)R2

j}, which maximizes the
minimum of two rates, to minj∈K(tR1

j + (1 − t)R2
j ), which

maximizes their sum. Therefore, we change the optimiza-
tion objective and maximize the minimum rate instead, i.e.,
minj∈K min{tR1

j , (1− t)R2
j}.

B. Rate Allocation for Fixed Relay Assignment

We assume a given relay assignment which assigns each
source j to relay c0(j). Since there are direct source-
destination links, which may be stronger than the source-relay
links, source j may not make use of its pre-assigned relay
c0(j), i.e., each source j is either assisted by relay c0(j) or
not assisted by any relay. In what follows, we first identify
the set of sources S0 that do not need relay assistance, and
then perform rate allocation for all sources.
In the first step, we perform rate allocation independently

for the source-relay and the source-destination interference
channels. More specifically, assuming that each source j ∈ K
is decoded by relay c0(j), we run Algorithms 1 and 2 to
solve the following rate allocation problem for the source-
relay interference channel

[R̃R
j ]j∈K

�
=

{
arg maxR minj∈K Rj

s.t. R decodable at the relays.
(31)

Moreover, assuming that each destination j ∈ K is interested
in decoding source j, we run Algorithms 1 and 2 to solve the
following rate allocation problem for the source-destination
interference channel

[R̃D
j ]j∈K

�
=

{
arg maxR minj∈K Rj

s.t. R decodable at the destinations.
(32)

The set S0 is given by the sources j for which R̃R
j < R̃D

j ,
i.e., S0 = {j : j ∈ K, R̃R

j ≤ R̃D
j }. The relay assignment is

given by c(j) = c0(j) for j �∈ S0 and c(j) = 0 for j ∈ S0.
In the next step, based on the relay assignment c(·) obtained

in the first step, we perform rate allocation for the interference
channels at both the relays and the destinations. Given the
relay assignment c(j) for each source j ∈ K, we run
Algorithms 1 and 2 to solve the following rate allocation
problem for the source-relay interference channel

[R̄1
j ]j∈K

�
=

{
arg maxR minj∈K Rj

s.t. R
t decodable by the relays.

(33)

For the interference channel at the destinations, letting RD �
=

[RD
j ]1≤j≤2K = [R1

j R2
j ]j∈K be the splited rates for the

sources, the rate allocation problem is given by

[tR̂1
j (1− t)R̂2

j ]j∈K
�
=

{
arg maxRD min1≤j≤2K RD

j

s.t. RD decodable by the destinations.
(34)

Note that the rate allocation (34) can be solved using the
iterative rate allocation (Algorithm 2) with the group partition-
ing and rate allocation subroutine (the part of Algorithm 1)
specified in Section IV-A2.
Finally, a solution to the rate allocation is given by R1

j =
min{R̄1

j , R̂
1
j} and R2

j = R̂2
j for j ∈ K. The rate of source j

is given by Rj = tR1
j + (1− t)R2

j .
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LS
i (D ∩ K,V ∩ K) = log2

(
1 +

∑
j∈D∩K |hi,j |2P

σ2 +
∑

j∈V∩K |hi,j |2P

)
,

and LR
i (D,V) = log2

(
1 +

∑
j∈D∩K |gi,c(j)|2P +

∑
j∈D∩K̄ |hi,j−K |2P

σ2 +
∑

j∈V∩K |gi,c(j)|2P +
∑

j∈V∩K̄ |hi,j−K |2P

)
. (29)

sources

relays

destinations

-0.5 0 0.5

(0.5,0.5)

sources

relays

destinations

-0.5 0 0.5

(0.5,0.5)
(0,0.75)

fixed relay 
assignment

dynamic relay 
assignment

Fig. 1. The simulated multi-relay assisted interference channels.

C. Dynamic Relay Assignment

Next we consider joint relay assignment and rate allocation
for the inband relay system. We propose a two-step heuristic
solution which is a combination of the dynamic relay as-
signment for hopping relay [c.f. Section III-B] and the rate
allocation for inband relay with fixed relay assignment [c.f.
Section IV-B]. In the first step, for each source we find its
possible assisting relay based on the source-relay and relay-
destination links. In the second step, assuming that the prefixed
relay assignment is obtained from the first step, we perform
rate allocation for the sources.
The first step is based on the relay assignment scheme for

the hopping relay. We assume no direct source-destination
channel, i.e., a hopping relay scenario where hi,j = 0 for
i, j ∈ K. We perform the initial assignment step of the coarse
assignment in Section III-B to obtain the sources {Sn} assisted
by each relay n ∈ N .
In the second step, let the prefixed relay assignment c0(j) be

the one obtained from the first step, we perform rate allocation
for sources using the two-step rate allocation scheme for
inband relay proposed in Section IV-B.
Remark: For the hopping relay system, the size balance step

and the fine adjustment step further increase the minimum
rates of the sources. However, for the inband relay system,
since the direct source-destination link can compensate for the
low rates of the relay-destination links, the relay assignment
based on the initial assignment step suffices to provide good
performance.

V. NUMERICAL RESULTS

We simulate the rate allocation for the proposed group
decoder for the relay system with K = 6 sources and
destinations. The node positions for the scenarios of fixed relay
assignment and dynamic relay assignment is shown in Fig. 1.
For fixed relay assignment, we assume that there are 6 relays
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Fig. 2. Minimum rates of sources for the hopping relay system with
fixed relay assignment.

and the position of relay i is (0, 0.5× i) for 1 ≤ i ≤ 6, where
each relay i is assigned to assist source i. For dynamic relay
assignment, we assume that there are N = 3 relays and the
position of relay i is (0, 0.75 + 0.5 × i) for 1 ≤ i ≤ 3. The
channel gain between two nodes is assumed to be complex
Gaussian distributed with the mean zero and the variance 1/d2

where d is the distance between the two nodes. We assume
that the first time slot occupies half of the entire transmission
period, i.e., t = 0.5, and consider the SNR values, P/σ2, from
0dB to 9dB. For each SNR value, 1000 channel realizations
are simulated.

A. System Performance

For the hopping relay system with fixed relay assignment,
we plot the minimum rates and sum rates of sources in
Figs. 2 and 3, respectively, for group decoders with the group
size μ denoted as “GD, μ = i” for 1 ≤ i ≤ 3, and for
comparison the linear MMSE decoder where all interference
is treated as noise. It is seen that the group decoder provides
significantly larger minimum and sum rates over the linear
MMSE decoder, and larger minimum and sum rates can be
achieved by increasing the group size μ.
We compare the performance of the proposed DF scheme

with the relay amplified and forward (AF) scheme where the
group decoder is employed only at the receivers, denoted
as “AF + GD”. Since the relays do not decode the source
messages and thus superimpose their signals in the second
time slot, for each channel realization we random select a
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Fig. 3. Sum rates of sources for the hopping relay system with fixed
relay assignment.

relay to forward the received noised signals using a scaled
power of KP . It is seen that, in the simulated SNR range, the
proposed DF scheme significantly outperforms the AF scheme
for the group sizes μ = 1, 2, and 3, because the AF scheme
also forwards the noise to the destinations. Moreover, we tailor
the multi-relay AF scheme proposed in [18] for single source-
destination pair to the multiple source-destination pair scenario
using a time-division mode, where each source transmits in the
1/K of the total time slot (denoted as “Multi, AF, TDMA”).
For fair comparison, at each time each source transmits using
a power KP and each relay forwards using a power P . It is
seen that the proposed group decoder significantly outperforms
the multi-relay AF scheme.
For the hopping relay system with dynamic relay assign-

ment, in Fig. 4 we show the performance of the proposed
relay assignment scheme for the group decoder with group
size μ = 2. The proposed heuristic scheme, denoted as
“Proposed heuristic”, achieves about 90% of the performance
in terms of the minimum rate compared with the optimal
solution obtained from an exhaustive search over all possible
relay assignments denoted as “Exhaustive search”. To see the
performance obtained from each step, we show the minimum
rate of sources if the relay assignment terminates after only
performing the initial assignment and the set size balance steps
in the coarse assignment, denoted as “Initial assignment” and
“Size balance”, respectively. It can be seen that balancing
the size of Si significantly increases the minimum rate of
sources in the high SNR region, and the fine adjustment
further increases the minimum rate of sources in the low
SNR region. We also compare the proposed scheme with
the relay AF scheme where the group decoder is employed
only at the destinations, and the time-division multi-relay AF
scheme with the same protocol as that for the fixed relay
assignment scenario. It is also seen that the proposed heuristic
method significantly outperforms the above two AF-based
relay schemes.
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Fig. 4. Minimum rates of sources for the hopping relay system with
dynamic relay assignment.
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Fig. 5. Minimum rates of sources for the inband relay system with
fixed relay assignment.

For the inband relay system with fixed relay assignment,
we plot the minimum rates of sources for the group sizes
1 ≤ μ ≤ 3 in Fig. 5, denoted as “GD, μ = i, proposed”
for 1 ≤ i ≤ 3. Increasing the group size provides larger
minimum rate of sources. We also compare the proposed relay
activation scheme with the optimal solution obtained from
exhaustive search for the group sizes 1 ≤ μ ≤ 3, denoted
as “GD, μ = i, exhaustive” for 1 ≤ i ≤ 3. It is seen that the
proposed heuristic solution performs close to the optimal relay
activation obtained from exhaustive search. The minimum rate
of sources based on the linear MMSE decoder is also plotted
denoted as “MMSE decoder”. It is seen that the group decoder
significantly outperforms the linear MMSE decoder.
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TABLE I
NUMBER OF MESSAGE PASSING ITERATIONS FOR THE RELAY-ASSISTED SYSTEM.

Relay Type Relay Assignment Assig. (S-R) Assig. (R-D) Assig. (S-D) Alloc. (S-R) Alloc. (R-D)
hopping fixed 0 0 0 1 1
hopping dynamic 2 4 0 2 2
inband fixed 1 0 1 2 2
inband dynamic 2+1 4+0 1+0 2 2

For inband relay system with dynamic relay assignment,
we plot the minimum rate of sources of the proposed relay
assignment scheme in Fig. 6. The proposed dynamic relay
assignment is denoted as “Initial assignment” since it only
adopts the initial assignment step of the relay assignment for
hopping relay with dynamic relay assignment. For compari-
son, we plot the minimum rate based on the relay assignment
obtained after performing the size balance and the fine adjust-
ment steps, denoted as “Size balance” and “Fine adjustment”,
respectively. It is seen that due to the compensation of the
direct source-destination links, further processing beyond the
initial assignment is unnecessary. Moreover, the proposed
relay assignment scheme performs close to the optimal solu-
tion obtained from exhaustive search denoted as “Exhaustive
search”. We also plot the minimum rate obtained from the
linear MMSE decoder assuming the same relay assignment
as that of the “Initial assignment”, where at both relays and
destinations all interference is treated as noise. It is seen that
again the proposed group decoder significantly outperforms
the linear MMSE decoder.

B. System Complexity

We present the complexity of the proposed scheme using
the number of message passing iterations between the sources
and the relays, between the sources and the destinations,
and between the relays and the destinations. The number
of iterations between the sources and relays (S-R), between
the relays and destinations (R-D), and between the sources
and destinations (S-D), for the relay assignment (Assig.) and
rate allocation (Alloc.), are shown in Table I. Note that, for
inband relay systems, to save space, the numbers of iterations
for identifying the set of sources assisted by relays are also
included into the column of relay assignment, which are the
first term in the addition for the inband relay system with
dynamic relay assignment.

VI. CONCLUSIONS

We have proposed the constrained group decoder and the
associated rate allocation schemes for multi-relay assisted
interference channels, where both relays and destinations
decode the desired messages together with some interferers’
messages. We have proposed an optimal distributed max-
min fair rate allocation algorithm for hopping relay with a
given relay assignment under the constrained group decoding
framework. For hopping relay with dynamic relay assignment
and for inband relay, we have proposed suboptimal solutions
to the max-min fair rate allocation problem, which perform
close to the optimum solutions based on exhaustive search.
Numerical results demonstrate the significant performance
gain in terms of achievable rates of the proposed systems
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Fig. 6. Minimum rates of sources for the inband relay system with
dynamic relay assignment.

employing the group decoders over the traditional systems that
employ single-user decoders at the relays and destinations,
as well as the effectiveness of the proposed dynamic relay
assignment strategies.
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