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Abstract—This paper introduces a novel framework for hypoth-
esis testing in the presence of unknown parameters. The objective
is to decide between two hypotheses, where each one involves un-
known parameters that are of interest to be estimated. The ex-
isting approaches on detection and estimation place the primary
emphasis on the detection part by solving this part optimally and
treating the estimation part suboptimally. The proposed frame-
work, in contrast, treats both problems simultaneously and in a
jointly optimal manner. The resulting test exhibits the flexibility
to strike any desired balance between the detection and estima-
tion accuracies. By exploiting this flexibility, depending on the ap-
plication in hand, this new technique offers the freedom to put
different emphasis on the detection and estimation subproblems.
The proposed optimal joint detection and estimation framework
is also extended to multiple hypothesis tests. We apply the pro-
posed test to the problem of detecting and estimating periodici-
ties in DNA sequences and demonstrate the advantages of the new
framework compared to the classical Neyman-Pearson approach
and the GLRT.

Index Terms—DNA periodicities, joint detection/estimation,
minimax.

I. INTRODUCTION

A PPLICATIONS that involve simultaneous detection and
parameter estimation appear frequently in a diverse range

of applications. This kind of hypothesis testing involves making
a decision among multiple hypotheses, and upon deciding in
favor of one hypothesis, also making an estimate of some un-
known parameters associated with that hypothesis. It has appli-
cations in a broad range of areas such as wireless communica-
tions, genetics, neuroscience and finance.
It is well established how to solve, optimally, the detection

problem and the estimation problem separately. But little is
known as to how to treat the joint detection and estimation
problem optimally. These two subproblems in hypothesis
testing can be solved separately in a decoupled manner, where
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given a constraint on the probability of false alarm, detection
is performed first to decide among the different hypotheses
by using the Neyman-Pearson test [1], which achieves the
optimal detection performance. Then, Bayesian estimation can
be employed to estimate the parameters associated with the
hypothesis resulted from the detection step without taking into
account the uncertainty of the detection step. Such an approach
guarantees the optimal detection performance but there is no
control over the estimation performance.
Another common approach to hypothesis testing with un-

known parameters is the well-known generalized likelihood
ratio test (GLRT). This test first performs the maximum-like-
lihood (ML) estimation of all unknown parameters and then
replaces the unknown parameters with their ML estimates,
transforming the original problem into a simple hypothesis
testing problem. This latter detection problem is then solved
through the likelihood ratio test such that a constraint on false
alarm probability is satisfied. In GLRT, the primary emphasis is
on the detection performance and the estimation performance
is treated as a secondary performance measure. This test offers
no flexibility in terms of detection and estimation performance
tradeoff. Moreover, it is known that the GLRT is not always
optimal [2], [3] in a Neyman-Pearson sense; that is, among
the decision rules with a constraint on the probability of false
alarm, it does not necessarily minimize the probability of miss
detection. However, optimality results are known for this test
in the limiting case of a large number of observations [4]–[7].
Note that when the hypotheses are simple ones, the GLRT
becomes the Neyman-Pearson test.
An alternative approach is given in [8], where a test is de-

veloped that is optimal under the Bayesian criterion, i.e., in
the sense of minimum average risk under different coupling
schemes between the detection and estimation tasks. The test as-
sumes, however, that the two hypotheses correspond to a signal
in noise and noise alone respectively, and allows only the signal
to contain unknown parameters. In [9], the theory in [8] is ex-
tended to the multiple hypothesis testing case, where the un-
known parameters need to be energy-type parameters, e.g., am-
plitude and duration of a signal. Yet another approach was in-
troduced in [10], where the error probabilities under the two hy-
potheses are replaced by estimation costs. The test is found by
constraining the estimation cost under the nominal hypothesis
while optimizing the corresponding cost under the alternative
hypothesis.
In [11], a multi-hypothesis test is proposed based on the

worst-case estimation and worst-case detection performances
subject to a false-alarm constraint. The unknown parameters
are fixed, non-random and belong to a finite discrete set, which
makes it possible to convert the estimation subproblem to
an extra detection subproblem. More recently, in [12], the

1053-587X/$31.00 © 2012 IEEE



6152 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 60, NO. 12, DECEMBER 2012

combined problem is treated for the case that only the nominal
hypothesis has unknown parameters and all parameters in the
alternative hypothesis are known. A new test is proposed based
on an optimization formulation with an objective function
that is associated with the estimation performance and with
constraints on the detection performance. In deriving the test,
the fact that unknown parameters are associated with only
one hypothesis plays a crucial role, which makes it possible
to show that the constraints on the detection performance are
achieved with equality. This fact further simplifies the objective
estimation performance measure, making the extension to the
general case with unknown parameters in both hypotheses a
nontrivial problem.
In this paper we build upon the methodology of [12], but

allow both hypotheses to have unknown parameters, in order
to develop the general theory of optimal joint detection and es-
timation. We further extend the proposed framework to the gen-
eral multiple hypothesis testing problem with unknown parame-
ters associated with each hypothesis. The proposed optimal test
provides the freedom to trade detection (estimation) accuracy in
favor of achieving a higher estimation (detection) accuracy. As
an application of the proposed theory, we solve the problem of
detecting and estimating periodicities in DNA sequences.
The remainder of the paper is organized as follows. Section 2

introduces the hypothesis test with unknown parameters of in-
terest and formulates the optimal joint detection and estimation
problem. We develop the general theory in Section 3 and apply
it to the periodicity detection and estimation in DNA sequences
in Section 4. Sections 5 provides the concluding remarks.

II. JOINT DETECTION AND ESTIMATION

A. Hypothesis Test With Unknown Parameters

Let be an observation signal and consider the following
binary hypothesis testing problem:

(1)

where and are known probability density func-
tions (pdfs) for . Under hypothesis the distribu-
tion of the observation belongs to an ensemble of distributions

specified by random parameter with the prior dis-
tribution . We wish to develop a mechanism that decides
between and reliably and furthermore, when it decides
in favor of also provides an accurate estimate of the related
unknown parameter .
Both the GLRT and a Neyman-Person test followed by a

Bayesian estimation solve the above combined detection and
estimation problem by decomposing the joint problem into two
subproblems and solving each optimally. For instance, in the
latter case, the Neyman-Pearson optimum test is used for de-
tection and the optimum Bayesian estimator is used for param-
eter estimation. Treating each subproblem independently does
not necessarily yield the optimum overall performance. Both
approaches are not capable of emphasizing either subproblem
according to the need of the specific application.
Here we formulate the combined problem in a more natural

way by posing the combined detection and estimation tasks in
a way that captures both detection and estimation accuracies.

In particular, we aim to minimize an estimation-pertinent cost
subject to appropriate constraints on the tolerable levels of de-
tection errors, i.e., miss detection and false alarm error proba-
bilities. The main feature of this approach is that it provides the
freedom to strike any desired balance between the detection and
estimation performances.

B. Background

One approach for designing a test when we are interested in
only the detection performance and not the estimation perfor-
mance is the Neyman-Pearson method [1], which maximizes
the detection probability given a constraint on the probability
of false alarm. By construction, in this approach, the estimation
performance is suboptimal in favor of achieving the optimal de-
tection performance. The optimal Neyman-Pearson test is given
by the following lemma.
Lemma 1 (Neyman-Pearson): The test that maximizes the de-

tection probability subject to an upper bound on the false alarm
probability is

where

and the threshold is selected such that the false alarm con-
straint is satisfied with equality.
This test does not consider the estimation performance. More
specifically, it first carries out the detection test and if it decides
in favor of , in the second step it provides an estimate for ,
given that it has decided the true hypothesis is . This two-step
approach is not optimal from the joint detection and estimation
point of view. In this work, we look for an alternative test that
takes into account both detection and estimation qualities and is
optimal in that sense.

C. Definitions

In order to decide between the two hypotheses, we adopt the
class of randomized tests. Given the observation , we assign
the probabilities and to accept hypotheses and
, respectively. As and are probabilities, we re-

quire that and moreover, as we always de-
cide between the two hypotheses, the randomized test needs
to satisfy . Note that classical determin-
istic tests are special cases of randomized tests. Furthermore,
we denote the true hypothesis and the decision of the detector
by and , respectively. There-
fore, given the randomized tests , the Type-I
and Type-II detection error probabilities are

and

(2)

respectively. Once we decide that the observation is drawn
from hypothesis , we are also interested in providing an esti-
mate for . In order to capture the estimation quality, we
assign the non-negative costs and
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to the estimators (for ) and (for ) respec-
tively. Two popular cost functions corresponding to the min-
imum mean-squared error (MMSE) and maximum a-posteriori
(MAP) estimation criteria are

and

For given cost functions and , de-
fine the following average posterior cost functions, given by

(3)

where the expectation is with respect to . Therefore, the min-
imum average posterior cost is

(4)

and the minimizer of the posterior cost, which is the well-known
Bayesian estimator, is ([1, p. 142])

(5)

D. Problem Formulation

The joint detection and estimation hypothesis test consists of
a mechanism that distinguishes between and in (1), and at
the same time provides an estimate of when deciding in favor
of . In what follows, a criterion is proposed that leads to an
optimal test that takes into account both detection and estima-
tion performances jointly. In particular, the criterion consists of
an estimation cost and the detection performance is taken into
consideration as constraints that the test needs to satisfy.
As we are interested in providing an estimate for only when

we decide in favor of , the estimation cost in estimating is
meaningful only when we accept hypothesis . Moreover, in
order to quantify the estimation performance, we need to com-
pare the estimate with the true (and unknown) value of
corresponding to the hypothesis . Hence, assuming that we
are given two non-negative cost functions and

, in order to characterize the estimation perfor-
mance, we consider only the average estimation cost for esti-
mating under hypothesis when deciding in favor of .
For a given randomized policy and estimator

, this performance measure is given by

(6)
where the expectation is with respect to and . In order to
capture the estimation quality of both parameters and , we
propose to characterize the overall performance measure using
the maximum of these two average estimation costs. Hence,
for a given randomized policy and estimators

the performance measure to be optimized is1

(7)

1In the remainder of the paper we often replace and by and
, respectively, for notational simplicity.

Let us point out that, in the most general case, the parameters
associated with the different hypothesis correspond to different
physical quantities, so in general comparing with
is not meaningful. However, in some specific scenarios, the pa-
rameters do correspond to the same physical quantity. For the
latter cases, there are two options in order to take this into ac-
count. The first one consists of including cost terms for the es-
timation performance when there is a mistake in the detection
subproblem, and the second one is to control the detection per-
formance. In this paper, we present the results for the second
option, but the methodology we present can be readily modified
to deal with the first case.
The performance measure of (7) only accounts for the esti-

mation performance. In order to incorporate the detection per-
formance we impose upper bound constraints on the detection
error probabilities as

and

(8)

Hence, the joint problem of determining the optimal detection
rules and estimators is

(9)

where we also have the implicit constraints
and .

III. OPTIMUM JOINT DETECTION AND ESTIMATION

In this section we obtain the optimal choices of the detec-
tion rules and the estimators
that solve the problem given in (9). In order to proceed
we provide the following remarks. First we note that the con-
straints and are not necessarily
always feasible simultaneously. The following remark provides
conditions for the feasibility of the pair . This remark is a
natural extension of Remark 1 from [12].
Remark 1 (Feasibility): For the given constraint
, the Type-II detection error is known to be min-
imized by the Neyman-Pearson test. Let us define as
the corresponding minimum of . Hence, the two con-
straints and are feasible simul-
taneously if and only if

(10)

Moreover, when , the space of feasible solutions of
(9) is a singleton corresponding to the Neyman-Pearson test.
Second, we note that within this framework, the detection

(estimation) performance can be traded in favor of achieving a
better estimation (detection) performance. This is due to the fact
that imposing looser constraints on the detection accuracy, the
space of feasible solutions for the detection rules and estimators
increases leading to a smaller or equal the estimation cost.
Remark 2: The proposed framework of joint detection and

estimation trades the detection quality, by tolerating a detec-
tion error probability that is higher than that is achievable by
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the Neyman-Pearson test, in favor of enhancing the estimation
quality. Allowing for such tradeoff between estimation and de-
tection qualities offers the freedom of putting appropriate em-
phasis on either the detection or the estimation part, depending
on the application.
We find by finding the optimal estimators

for fixed detection rules
and then obtaining the optimal choices of the detection rules.
In other words, we find by solving

(11)

where

(12)

A. Estimation

The optimal estimators for fixed detection rules
are found as the minimizers of the function
, which are characterized by the following

theorem.
Theorem 1: The solution to the optimization problem

is

(13)

and

Proof: From (6) and (7) recall that

(14)

Let be the convex combination of
and , that is,

(15)

Then (14) can be rewritten as a function of
as

(16)

where if , and
otherwise.
In what follows, we will first show that for a given , we have

(17)

where and are defined in (13). We then show that

(18)

and from these two results we conclude the proof.
In order to show (17), note that

(19)

where

(20)

We have the following lower bound on
for any given decision rule , for .

(21)

For each term of (17), these lower bounds can be achieved by
setting the estimators as

(22)

which proves (17).
Now we proceed to prove (18) as follows. On one hand, note

that

(23)

On the other hand, we have that for any and

(24)
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from which it is clear that

(25)

Combining (25) and (23), (18) is proven.
Moreover, we have

(26)

Theorem 1 shows that regardless of the decision rule, the
Bayesian estimator is still optimal. This means that when di-
viding the joint problem as a detection problem followed by an
estimation problem and using a Neyman-Pearson test to decide
among the hypotheses in the first step, the Bayesian estimator
is optimal for the second step.

B. Detection

Given the estimators obtained in (13) we next determine the
optimal detection rules and . By recalling (11) the
detection rule is the solution to

(27)

which is obtained in the following theorem.
Theorem 2: The problem has a globally optimal so-

lution and the decisions rules are given by (28), shown
at the bottom of the page, where are non-negative and are
selected such that 1) they satisfy and 2) the detec-
tion constraints are satisfied.

Proof: Note that from Theorem 1 we have

(29)

Each term in (29) is quasi-linear in , and consequently,
quasi-convex [13]. Since taking the weighted maximum pre-
serves quasi-convexity, in (29) is quasi-convex, and
can be solved by finding the solutions to an equivalent family
of feasibility problems [13]–[15]. In particular, note that for any
given , we have

(30)

Then, adding the constraints on the detection performance of
(8), if for a given , the following feasibility problem is feasible

(31)

then the solution of (27) is such that . Con-
versely, if (31) is not feasible, we have . Given a
lower bound and an upper bound known to contain

, then can be found through a bi-section search,
solving the feasibility problem of (31) in each step. Note that
(31) is equivalent to the following auxiliary convex optimiza-
tion problem

(32)

in the sense that if and only if (31) is feasible.
The only remaining part is to solve for any given
. For this purpose, by taking into account the convexity of

(32), we assign the non-negative Lagrangian multipliers
, that satisfy to the constraints of

(32) and construct the Lagrange function as

Therefore, the Lagrangian dual function is

(28)
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TABLE I
THE PROPOSED OPTIMAL ALGORITHM FOR JOINT DETECTION AND ESTIMATION

where

and

Therefore, the detection rules that minimize
are:

or in a more compact form as in (28).
We can find the non-negative multipliers , that satisfy

and the constraints of (32) by performing a numerical
search. This can be done approximately by discretizing the
interval and for each point in the
discretized grid such that , test whether the resulting
decision rules in (28) achieve in (32).
The complete algorithm for finding the optimal detection rule

and the associated estimators is summarized in Table I. This al-
gorithm produces the detection rule (28) and the estimators (13)
associated with each hypothesis. Then given some observation

, we can compute the test result and the corresponding param-
eter estimate.

C. Example: Detection and Estimation With White Gaussian
Observations and Unknown Variances

To illustrate the proposed optimal procedure for joint detec-
tion and estimation, we consider a simple example of Gaussian
observations with unknown variances. Specifically, the binary
hypothesis test problem is given by

(33)

where is the identity matrix. The parameters to
be estimated are the variances and under the two hy-
potheses. An application of this model is in the context of spec-
trum sensing in cognitive radio systems [16].
For the unknown variances, we assume the following prior

distributions

(34)

where is a scaled-inverse-chi-squared distribution with pa-
rameters and . We now proceed to find the closed-form ex-
pressions for the estimators and the decision rule. For estimating
the unknown parameters , we use the MSE cost as a
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measure of estimation performance, and therefore, the estimate
is given by the conditional mean [1]. The distri-

bution is then needed and given by

(35)

(36)

That is, is a scaled-inverse-chi-squared distribution

with parameters and . The mean is then given
by

(37)

where we have assumed that .
When using the MSE as a measure of the performance cost, it

is well-known that the minimum average posterior cost
is given by the posterior variance, that is, [1]. Then,
knowing that is a scaled-inverse-chi-squared distri-
bution, we have

(38)

assuming that .
In order to compute the optimal detection rule of Theorem 2

we further need the distributions , which are obtained as
follows.

(39)

where the last step follows from the fact that the scaled-inverse-
chi-squared distribution integrates to one. Now the steps given
in Table I can be carried out in order to to obtain the test outcome
and the corresponding variance estimate.
In what follows, we present the Neyman-Pearson test and the

GLRT for comparison purposes.
Lemma 2 (Neyman-Pearson): The test that maximizes the de-

tection probability subject to an upper bound on the false alarm
probability is

where the threshold is chosen to satisfy the false alarm
constraint with equality.
This test needs to be followed by an estimation step. In par-

ticular, we can use the MMSE estimate of (37).
Theorem 3: The GLRT for the hypothesis test of (33) is given

by

the maximum a posteriori estimate of is given by

and the threshold is chosen to satisfy the false alarm
constraint with equality.

Proof: The GLRT is given by

where the estimate is the MAP estimate given by

Noticing that and discarding all terms

that do not depend on , the test can be rewritten as

Note that if the prior distributions of the unknown parame-
ters are such that , then the Neyman-Pearson test and
the GLRT become the same; therefore, both tests achieve the
same detection performance. However, the estimation perfor-
mances are not the same, as the GLRT employs the MAP es-
timator whereas the Neyman-Pearson method uses the MMSE
estimator.
Next we compare the performance of the three methods via

simulations. The number of samples is set to be , and
the parameters of the prior distributions are set as follows:

and . The upper bound on the prob-
ability of false alarm for all three tests is set as . The
resulting probability of miss detection of the Neyman-Pearson
test is . As , the detection performance
of the GLRT is the same as that of the Neyman-Pearson test.

Fig. 1 shows the estimation accuracy as a function of
. It is seen that as increases, i.e., as the detec-

tion performance is allowed to deviate further from the optimal
one, the estimation performance monotonically improves. That
is, the proposed test trades off between the detection and estima-
tion performances. Moreover, the proposed test outperforms the
GLRT in both detection and estimation. Note that the proposed
test provides the freedom to work at any point on the curve; that
is, we can choose the pair of detection and estimation perfor-
mances according to the application in hand.
The actual miss detection and false alarm probabilities are

shown in Fig. 2, where both the miss detection probability
and the false alarm probability are shown
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Fig. 1. The estimation-detection performance tradeoff by the proposed optimal
test for the hypothesis testing problem in (33).

Fig. 2. The detection performance of the proposed optimal test for the hypoth-
esis testing problem in (33).

as a function of . Interestingly, it is seen that the upper
bound imposed on the miss detection probability is always
achieved, whereas the gap between the actual false alarm
probability and its upper bound increases with . The
exception is when , that is, when the proposed test
becomes the Neyman-Pearson test which is known to satisfy
both constraints with equalities.

D. Optimal Test With Discrete Observations

In this subsection we consider the special case where the
observations take values in a finite discrete set. In this case we
can use matrix representations of the different distributions,
and each step of the bi-section search corresponds to solving
a finite-dimensional linear programming (LP) feasibility
problem.
Let be an observation signal that takes values in a finite

discrete set with possible different realizations. Then, we con-
sider the equivalent observation with possible values in the
set . For instance, if we have observations of a
discrete random variable that can take any of values, then

. We aim then to solve the binary hypothesis problem

in (1) with observation . Let be the known prob-
ability mass function (pmf), the known pdf for the pa-

rameter and with
. We take advantage of

the facts that can only take a finite number of values and that
the number of different hypotheses is also finite by representing
the randomized test with a matrix , whose ele-
ments are given by

Let be the -th row of . As we always select one of the
possible hypotheses, the row vectors need to satisfy

and

Moreover, given the randomized tests , the Type-I and
Type-II detection error probabilities are

and

(40)

Given two non-negative cost functions and
, we want to decide between two hypotheses
and provide an estimate for only when we decide

in favor of . As before, we consider the average estimation
cost for estimating under when deciding in favor of ,
which for a given randomized policy and estimator

is given by

(41)

and use the maximum of these two average estimation costs as
the overall performance measure, i.e.,

(42)

The combined problem for determining the optimal decision
rules and estimators is then

(43)

where we also have the implicit constraints
and .
The optimal test is characterized by the following two Theo-

rems.
Theorem 4: The solution to the optimization problem

is

(44)
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Proof: This proof is similar to that of Theorem 1. When
finding the lower bounds in (21), in the case of discrete obser-
vations we have, for

(45)

(46)

where is an diagonal matrix with the -th diagonal
entry equal to . These lower bounds can be
achieved by setting the estimators as

(47)

Moreover, we obtain

(48)

Theorem 5: The test that solves the detection problem
is given by the solution to the following optimization

problem

(49)

where is the identity matrix and is an diagonal
matrix with its -th diagonal entry as .

Proof: The proof is similar to that of Theorem 2. For a
given and noticing that

, we then need to solve the fol-
lowing feasibility problem

(50)

which is feasible if and only if the following auxiliary convex
optimization problem has a negative solution:

(51)

That is, is feasible if and only if .
Notice that problem (51) is a linear programming (LP)

problem, and therefore, it can be solved using a standard LP
solver.
The test can be carried out by following the steps in Table I,

replacing steps 10–13with the solution of the LP in (51). That is,
the numerical search of multipliers is replaced by solving an LP.
If the number of possible realizations of is such that solving
the LP is numerically more demanding than the search of the
multipliers, then the optimal test with discrete observations can
be found by replacing (13) and (28) in Table I with (44) and
(52), shown at the bottom of the page, respectively.

E. Extension to Multiple Hypothesis Test With Unknown
Parameters

In a more general scenario, we wish to decide among dif-
ferent hypotheses. When observing the signal , we consider
the following hypothesis testing problem with unknown param-
eters: see (53) at the bottom of the page. In this case, we need to
find the optimal decision rules and estimators
for . We again use an objective function that
depends on the estimation performance while assuring that the

(52)

...
(53)
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detection performance satisfies some given constraints. In par-
ticular, the objective function is a simple extension of the one
used for the binary case, i.e., the average estimation cost of the
estimator when we decide in favor of hypothesis

(54)

And in order to take into account the estimation performances
associated with all hypotheses, we take the maximum

(55)

On the other hand, concerning the detection performance, we
impose upper bound constraints on the miss detection probabil-
ities of deciding in favor of some other hypothesis when the true
hypothesis is , i.e.,

(56)

The joint detection and estimation problem for determining
the optimal detection rules and estima-
tors is now given by (57), shown at the
bottom of the page, with implicit constraints
and .
We start by finding the optimal estimators for fixed decision

rules, followed by the search for the optimal decision rules. The
optimal estimators for fixed detection rules are char-
acterized by the following theorem.
Theorem 6: The solution to the optimization problem

is

(58)

and

Proof: The proof follows the same reasoning behind the
proof of Theorem 1.

Moreover, the optimal detection rules
are given in the following Theorem. The proof is given in the
Appendix.
Theorem 7: The problem has a globally

optimal solution and the decision rules are given by (59),
shown at the bottom of the page, where and for

are non-negative and are selected such that 1)
they satisfy and 2) the detection
constraints are satisfied.
The non-negative multipliers and

need to be found using a numerical
search, as in the binary case but now in a higher dimensional
search space.

IV. APPLICATION: DETECTION AND ESTIMATION OF
PERIODICITIES IN DNA SEQUENCES

A. Background

DNA sequences present numerous types of regularities and
repetitions that need to be detected and estimated in order to dis-
cover the underlying structures and properties. For example, pe-
riodicities of various lengths and various types have been shown
to be related to the evolution of the genome and protein struc-
ture [17], [18]. In particular, a periodicity of 21 bases is linked
with the -helix formation protein molecules [18] and a period-
icity of three is associated with the protein coding regions of the
DNA.
A DNA sequence is the concatenation of nucleotides. There

are four different nucleotides that are the basic units of DNA:
Adenine (A), Cytosine (C), Guanine (G) and Thymine (T), each
with different biochemical properties. Possible periodicities
in these sequences are classified as homologous, eroded and
latent [19]. Homologous or perfect periodicities consist of a
segment of DNA that is repeated periodically in the sequence;
e.g., exhibits an homol-
ogous periodicity of 4 nucleotides. On the other hand, in case
of eroded or imperfect periodicities, the repeating segment
exhibits mutations in nucleotides at certain positions; e.g.,

has an eroded periodicity
of 4 nucleotides (the underlining of nucleotides indicates the
positions where mutations have occurred). In the case of latent
periodicities, the repeating segment is not fixed but only has
some specific constraints. For example, the latent periodicity

refers to a periodicity of three nucleotides
where both the nucleotide and nucleotide are found in the
first position of the segment most of the time the segment is
observed; the nucleotide is most likely found in the second

(57)

and (59)
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Fig. 3. A hidden Markov model for a DNA sequence with periodicity of
nucleotides.

position; and last position can be either or . The se-
quence exhibits this latent
periodicity. In this paper, we consider latent periodicities, as
all types of periodicities can be thought of as particular cases
of latent periodicities.
Methods for detecting and estimating periodicities in se-

quences can be classified in two categories [20], i.e., exploratory
and confirmatory. The former is designed to discover the main
periodic component in a sequence, while the latter seeks to
determine the strength of this component. Moreover, some
methods map the symbolic sequence to a numeric one and then
process the numeric sequence; whereas others operate directly
on the symbolic sequence. An example of an exploratory
approach that requires a suitable symbolic-to-numeric mapping
is the Fourier-based method. The symbolic sequence is first
converted to a discrete-time signal by mapping each nucleotide
to a number. The discrete Fourier transform (DFT) is then
applied to the signal to obtain its spectrum from which peri-
odic components can be identified [21]. Note that mapping
nucleotides to numbers introduces an artificial structure that is
not inherent to the original DNA sequence.
In [22] and [23] a method is proposed to find periodic com-

ponents in a sequence from a pure estimation perspective of the
problem within a statistical model. In particular, periodicities
are inferred based on the maximum-likelihood estimates of the
statistical distribution of the repeating segment and the period.
In what follows, we adopt the statistical model in [22], [23] and
restate the problem as a joint detection and estimation one. That
is, we would like to determine if a sequence posses a periodic
component, and if so, to estimate its period. We then apply the
proposed optimal test to solve the problem.

B. Problem Formulation

A biomolecular sequence is defined as a length- sequence,
denoted as , where each element belongs

to a finite alphabet . In the case of DNA, ,
representing the nucleotides Adenine, Cytosine, Guanine and
Thymine respectively.
Each nucleotide of a DNA sequence with a periodicity of

nucleotides is modeled as a realization of an information source
with some underlying probability mass function. The sequence
is generated by cyclicly drawing symbols from such sources
as shown in Fig. 3. This can be represented as a first-order
hidden Markov model with states: . The tran-
sition probability from a state to the following one is 1, i.e.,

to for and from the last state to
the first one, i.e., to , is one. Each state has an emis-
sion probability described by , where

. These distributions can be com-
bined to form the position weight matrix
which is unknown. We are interested in estimating only the pe-
riod , but not the position weight matrix . In [23], both

and are estimated, but in general, one is interested only
in knowing the period hidden in the sequence and not the distri-
bution of nucleotides for each position. In our approach, using a
prior distribution for , we integrate out this nuisance param-

eter. Therefore, we define . For example, the sequence
that has a latent period-

icity can be represented a hidden Markov
model with 3 states, with
and , where
and .
On the other hand, when an observed DNA sequence does not

posses a periodic component, it is assumed that each nucleotide
in the sequence is a realization of a random variable that follows
a background distribution , where

. When deciding that there is no periodicity
present, we need to estimate the background distribution as it
describes the structure of the sequence. Hence, .
In summary, we aim to detect whether an observed DNA se-

quence has an underlying periodicity and if so, estimate the
period . On the other hand, when we decide that the observed
sequence does not have an underlying periodicity, we estimate
the background distribution of the nucleotides. Next we derive
the optimal test for the above DNAperiodicity detection/estima-
tion problem using the theory developed in Section 3.
Notice that it would be possible to state this problem as a

multiple hypothesis test, where each hypothesis correspond to
a different periodicity, and no periodicity is assign to a period-
icity of 1 nucleotide (that is, ). However, there is a fun-
damental distinction between sequences with a periodic com-
ponent and sequences with no periodicity whatsoever. We have
considered this to be the underlying hierarchy of the different
subproblems which has led directly to the binary hypothesis test
with unknown parameters in each hypothesis.

C. The Jointly Optimal Test

In this subsection we derive the distributions that are needed
to carry out the optimal test of (28). We will obtain the estima-
tors and the associated costs under and respectively.
1) Periodic DNA Sequences: The number of complete pe-

riods that are observed in a sequence of length and peri-

odicity is , with being the flooring operator. As
we need to know the index of each nucleotide within a period,

we define .
The likelihood of observing a sequence with periodicity is

given by
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where is a four-dimensional vector with a one in the
-th position if and zeroes elsewhere; and we denote

for vectors and
.

We assume that are independent, each

with a Dirichlet distribution with parameters
, i.e.,

where

is the gamma function and . Then, a closed-
form expression for can be obtained by integrating
out as follows:

(60)

Using (60) and assuming a uniform prior on between
and , the marginal distribution can be obtained as

(61)

which can be computed numerically.
The posterior of the unknown periodicity is then given by

(62)

Hence, the MMSE estimate of the period is given by

(63)

The average posterior cost becomes

(64)

2) Aperiodic DNA Sequences: For sequences with no period-
icity, each nucleotide is independent and identically distributed
according to a background distribution . The unknown param-
eter in this case is .
Given , the likelihood of the observation is

which can be seen as a special case of the periodic sequence
with a period of 1 nucleotide. Assuming a Dirichlet prior on
with known parameters ; i.e.,

then

Furthermore, we have

(65)

that is, the posterior is also a Dirichlet distribution. Then, the
MMSE estimate of is given by

Moreover, the cost under is given by

(66)

Clearly, a DNA sequence can only take values on a finite dis-
crete space, i.e., there are possible different length-
sequences. However, for moderate values of is such that
searching for 4 multipliers is numerically more efficient that
solving the LP of (51). Therefore, we find the optimal test using
(13) and (28), that is, following the steps given in Table I.
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Fig. 4. The estimation-detection performance tradeoff for DNA periodicity de-
tection and estimation.

D. Simulation Results

For the simulations, we consider DNA sequences of length
100, which are considered as short sequences. The bound on the
probability of false alarm is set to be . The parameters
of the priors are set as follows. For aperiodic sequences, the
parameters of the prior distribution are . For periodic
sequences, we set and . The parameters

, of the prior for the position weight matrix
are columns from 1 to of the matrix

(67)

We first compute the probability of miss detection under the
Neyman-Pearson test, which is . The resulting es-

timation costs for different values of are
shown in Fig. 4. The performance of the GLRT is also shown. It
is seen that the proposed test outperforms the GLRT for a given

. Moreover, the tradeoff between the detection and esti-
mation performances of the proposed test is clearly shown and
we have the flexibility of operating on any point of the tradeoff
curve. The detection performance is shown in Fig. 5, where it
is seen that the constraint on the miss detection is attained with
equality whereas the constraint on the false alarm probability is
achieved with equality only for .

V. CONCLUSION

We have formulated the minimax optimal hypothesis testing
problem that involves optimizing the estimation performance
subject to constraints on the detection performance. The pro-
posed test offers the flexibility of placing any desired emphasis
on each of the detection and estimation subproblems. We have
extended the proposed framework to general multiple hypoth-
esis test. Finally, we have applied the proposed test to detecting
and estimating periodicities in DNA sequences. The application

Fig. 5. The detection performance for DNA periodicity detection and
estimation.

has demonstrated the flexibility of the proposed test, in terms
of the tradeoff between detection and estimation accuracies and
the performance improvement when compared with the conven-
tional GLRT and Neyman-Pearson approaches.

APPENDIX A
PROOF OF THEOREM 7

Note that from Theorem 6 we have

(68)

which needs to be minimized with constraint on the miss detec-
tion probability of each hypothesis, that is,

(69)

Following similar arguments as those in the proof of Theorem
2, we have for

(70)

Then, if for a given , the feasibility problem given by (71)
at the bottom of the page, is feasible, then the solution

of (27) is such that .
Conversely, if (71) is not feasible, we have
. The optimal value of can be found by a
bi-section search on and for each solving this feasibility
problem.

(71)
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(72)

The feasibility problem of (71) can be solved by finding the
solution to the convex optimization problem (72), shown at the
top of the page, and checking whether
or not.
In order to solve for any given ,

by taking into account the convexity of (72), we assign the

non-negative Lagrangian multipliers and

, that satisfy to the
constraints of (72) and construct the Lagrange function as

The Lagrangian dual function is then given by

where

Therefore, the detection rules that
minimize are:

and
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