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Abstract— Consider a set of random sequences, each consisting
of independent and identically distributed random variables
drawn from one of the two known distributions F0 and F1. The
underlying distributions of different sequences are correlated,
induced by an inherent physical coupling in the mechanisms
generating these sequences. The objective is to design the quickest
data-adaptive and sequential search procedure for identifying
one sequence generated according to F1. The optimal design
involves striking a balance between the average delay in reaching
a decision and the rate of false alarms, as two opposing figures
of merit. Optimal and asymptotically optimal decision rules are
derived, which can take radically different forms depending on
the correlation structure. Performance and sampling complexity
analyses are provided to delineate the tradeoff between decision
delay and quality. The generalization to parallel sampling, in
which multiple sequences are sampled at the same time, is also
investigated.

Index Terms— Anomaly detection, correlated sequences,
quickest search, sequential sampling.

I. INTRODUCTION

QUICKEST search over data streams (sequences) aims
to perform a real-time search over a set of available

data streams in order to identify one that exhibits a desired
feature with minimal delay and controlled reliability. Quickest
search arises in many application domains such as medical
diagnosis [1], detection of chemical or biological attacks [2],
monitoring of the radio spectrum for opportunistic wireless
transmission [3], and monitoring of computer networks for
faults or security breaches [4], to name a few. The significance
of searching data streams is expected to grow well into the
future due to the advent of new technologies which generate
and process large volumes of data.

Designing sequential and data-adaptive search procedures
involves characterizing a data-adaptive experimental design
(i.e., the design of the information-gathering process), an
optimal stopping time (i.e., the time that the data-gathering
process terminates), as well as the attendant decision rules.
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Hence, an optimal design of a data-adaptive search procedure
strikes a balance between the quality and agility of search,
as two opposing figures of merit, based on the design of the
experiment. The focus of this paper is on linear data-adaptive
search, representing a major class of experimental designs,
in which data streams are ordered and examined sequentially.
The notion of linear search was first formalized by Bellman [5]
and Beck [6] with the objective of finding a target feature on
a line, motivated by applications in robotics, where there is no
information available about the environment [7], scanning of
texts, audio, and video signals for detecting specific digital
signatures [8], [9], and applications in which data streams
can be accessed only sequentially and one at-a-time, e.g.,
production line quality control [10].

Quickest search over data streams is related to the class of
quickest detection problems [11], [12] and sequential hypoth-
esis testing [13]. Sequential sampling was first formalized
by Wald for performing dichotomous hypothesis testing on
one data stream in order to distinguish the distribution of
that data stream. The optimal decision rule for this problem
is characterized by finding an optimal sequential sampling
procedure which collects data until a sufficiently confident
decision can be formed for discerning the underlying distribu-
tion of the data stream [13]. The extension to multihypothesis
testing with asymptotically optimal decision rules is studied
in [14]. In its basic form, quickest detection considers time-
optimal detection of changes in the distribution of a single
data stream. A number of variations on this basic problem are
described in [12].

Built on the foundations of quickest detection, the quick-
est linear search problem formalized and analyzed in this
paper belongs to the class of sequential decision prob-
lems investigated under different settings and decision goals.
In particular, [15] considers the problem of quickest search
over independent sequences, where it is assumed that each
sequence is generated according to one of the two distributions
F0 and F1. The decision goal of quickest search is to identify
one sequence generated according to F1 with minimal delay
and controlled reliability (i.e., the false alarm rate). The
important feature of this process is that it does not necessitate
a decision for every single sequence, which in turn enables
the search process to afford to miss some of the sequences
generated by F1, in favor of ultimately minimizing the average
search delay. In this setting, the sequences are generated
independently of each other and each sequence is drawn from
the distribution F1 with the same prior probability. Hence, the
data-gathering process reduces to a renewal process in which
after discarding a sequence as a weak candidate and switching
to a new one, the experimental design is reset. The sampling
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complexity of this approach is analyzed in [16] and it is further
extended in [17] by allowing for taking mixed measurements
in order to further enhance the agility of the search procedure.
Other variations of search problems with different assumptions
on settings and objectives are also studied in [18]–[20].

In another class of search problems, often known as the
scanning problem, a finite number of sequences are available,
where it is known that only one sequence is generated accord-
ing to the desired statistical feature. Variations of the scanning
problem under both fixed sample-size and sequential settings
are studied in [21]–[27]. In particular, [24] studies search
strategies for general continuous time observations and [25]–
[27] investigate the optimal search in a Brownian motion
setting. Motivated by detecting anomalies, [28] focuses on
identifying an existing anomalous sequence from a given set
of sequences and analyzes active hypothesis testing under
the constraint that only a limited number of sequences can
be observed at a time. The studies in [29]–[31] analyze
universal detection of outlying sequences from a pool of
sequences with only one outlier. The focus of [29] and [30]
is on discrete distributions with finite alphabets and they
investigate the settings in which either both typical and outlier
sequences or only the outlier one are unknown. It is shown
that some variations of the generalized likelihood ratio test are
universally exponentially consistent.

The settings in which the set of available sequences contains
multiple sequences with the desired distribution and the goal is
to identify all of them are considered in [32]–[35]. Specifically,
[32] and [33] investigate anomaly detection in the presence of
multiple abnormal processes and varying sampling costs for
different sequences. The study in [34] assumes the presence
of multiple outliers, and unknown continuous distributions for
normal and outlier processes. It devises distribution-free tests
and determines the order of the asymptotic number of samples
needed for detecting all the outlier sequences when the number
of sequences tends to infinity. The study in [35] studies the
universal outlier detection problem under the settings that
zero, one, or multiple outlier sequences are available with the
objective of detecting all the outliers, and similar to [29]–[31],
the focus is on discrete distributions

The search objective of detecting only a fraction
of the sequences with the desired feature is studied
in [15], [18], and [36]. Fractional recovery of such sequences
allows for missing some of them during the search process
which ultimately leads to a faster process. Specifically,
[15] investigates quickest search for one desired sequence, [36]
characterizes some of the existing search procedures and their
sampling complexity under different assumptions with the goal
of finding one atypical sequence among a large number of
sequences, and [18] and [37] propose a data-adaptive search
under a hard constraint on the sampling resources to detect a
fraction of the desired sequences.

Quickest linear search over correlated sequences belongs
to the class of problems in which the number of sequences
with the desired distribution is unknown and stochastic
and the objective is to identify only one such sequence
with minimal delay [15], [18], [36]. The major difference
between this paper and the studies in [15], [18], and [36]

is that these studies, irrespective of their discrepancies in
setting and objectives, conform in that different data streams
are assumed to be generated independently of each other,
i.e., a data stream being generated according to F0 or F1
does not affect the distribution of any other data stream. The
independence assumption, however, is not necessarily always
satisfied in practice. For instance, it would not be satisfied
in network settings in which each network agent generates a
data stream and different data streams are correlated due to
the interactions and couplings among their associated agents.
In this paper we focus on data-adaptive and sequential linear
search for finding one sequence generated according to a
pre-specified distribution. First we analyze a fully sequential
setting in which the measurements are taken one at a time. This
necessitates selecting one sequence at each time and measuring
it by taking one sample. Depending on the dependency kernel,
we characterize the closed-form optimal or asymptotically
optimal sampling strategies and the attendant decision rules
for identifying one sequence generated according to F1. The
analysis shows that for certain dependency kernels, the optimal
decision rules are, in spirit, similar to those for searching over
independent data streams, while for other kernels they can have
dramatically different structures. Built on the results for fully
sequential sampling, we also generalize the sampling strategy
to the settings in which multiple sequences can be selected
and measured at each time. We offer a sampling strategy for
such settings and prove its optimality properties.

II. PROBLEM FORMULATION

A. Data Model

Consider an ordered set of n sequences of random vari-
ables {X i : i = 1, 2, . . . , n}. Each sequence X i consists
of independent and identically distributed (i.i.d.) real-valued
random variables X i �= {Xi

1, Xi
2, . . . } that obey the following

dichotomous model:

H0 : Xi
j ∼ F0, j = 1, 2, . . .

H1 : Xi
j ∼ F1, j = 1, 2, . . . (1)

where F0 and F1 denote the cumulative distribution functions
(cdfs) of two distinct probability distributions. The cdf F0
captures the statistical behavior of the normal sequences, while
the cdf F1 models the statistical behavior of the sequences with
the feature(s) of interest. For simplicity of presentation, we
assume that the observations are continuous random variables,
and the probability density functions (pdfs) corresponding to
F0 and F1 are denoted by f0 and f1.

Each sequence is generated by F0 or F1 according to the
following correlation structure among the ordered set {X i :
i = 1, 2, . . . , n}. Without loss of generality we assume that
sequence X 1 is generated according to F1 with prior proba-
bility ε and for the subsequent sequences, the prior probability
of each sequence being generated by F1 is controlled by the
distribution of its preceding sequence. More specifically, by
denoting the true model underlying sequence X i by Ti , we
assume

P(T1 = H1) = ε, (2)
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Fig. 1. Linear correlation model.

and for i ∈ {1, . . . , n − 1} we assume

P(Ti+1 = H1 | Ti = H j ) = εi
j , for j ∈ {0, 1}, (3)

where εi
j ∈ (0, 1) changes arbitrarily over different sequences.

Figure 1 illustrates this model more clearly.

B. Sampling Model

With the ultimate objective of identifying one sequence
that is generated by F1, the sampling procedure examines the
ordered sequences {X i : i = 1, 2, . . . , n} sequentially by
taking one measurement at a time from one sequence until a
reliable decision can be formed. Specifically, by defining st as
the index of the sequence observed at time t ∈ N and denoting
the measurement taken at time t by Yt , the information
accumulated sequentially can be abstracted by the filtration
{Ft : t = 1, 2, . . . }, where

Ft
�= σ(Y1, s1, . . . ,Yt , st ). (4)

Hence, at each time one sequence is selected and sampled,
which implies that data sequences are observed only partially.
By initiating the sampling procedure by setting s1 = 1, and
based on the information accumulated up to time t , i.e., Ft ,
the sampling procedure at time t takes one of the following
actions:

A1) Detection: stops further sampling and identifies
sequence st as one being generated according to F1;

A2) Observation: due to lack of sufficient confidence, mak-
ing any decision is deferred and one more observation
is taken from the same sequence, i.e., st+1 = st ; or

A3) Exploration: sequence st is deemed to be generated by
F0 and is discarded; the sampling procedure switches to
the next sequence and takes one observation from the
new sequence, i.e., st+1 = st + 1.

In order to formalize the sampling procedure we define τ as
the stopping time of the procedure, that is the time after which
no further measurement is taken and detection (action A1)
is performed. For modeling the dynamic decisions between
observation and exploration actions we define the switching
function ψ : {1, . . . , τ − 1} → {0, 1} such that at time
t ∈ {1, . . . , τ − 1} if the decision is in favor of performing
observation (A2) we set ψ(t) = 0, while ψ(t) = 1
indicates a decision in favor of exploration (A3). Hence,
∀t ∈ {1, . . . , τ − 1}:

ψ(t) =
{

0 action A2 and st+1 = st

1 action A3 and st+1 = st + 1.
(5)

Finally, we remark that in this paper we assume that the
number of sequences n → ∞ in order to guarantee that one
sequence of interest exists almost surely.

C. Performance Criterion

The optimal search procedure can be found by determining
the optimal stopping time and the switching rules. Two natural
figures of merit for assessing the quality of the sampling pro-
cedure are the quality of the final decision, which is captured
by the frequency of the erroneous decisions, i.e., P(Tsτ = H0),
and the average delay in reaching a decision, i.e., E{τ }. There
exists an inherent tension between these two measures as
improving one penalizes the other one. By forming a Bayesian
cost function which integrates these two measures into one
cost function [12], the optimal search procedure can be found
as the solution to

inf
τ∈T , ψ̄τ

[
P(Tsτ = H0)+ c · E{τ }], (6)

where c > 0 is the cost per sample, and controls the
balance between error probability and delay, T is the set
of all Markov stopping times with respect to the filtrations
{Ft : t = 1, 2, . . . }, and ψ̄τ = [ψ(1), . . . , ψ(τ − 1)] is
the switching sequence. The sampling strategy is captured
by the stopping time τ and the switching sequence ψ̄τ ,
and determining their optimal values delineates the optimal
sampling strategy.

The problem of quickest search over correlated sequences
has applications in cognitive radio networks, anomaly detec-
tion in sensor networks, and quality control in a manufactur-
ing, to name a few. Specifically, in cognitive radio networks,
the frequency bands are heavily underutilized by primary users
and due to the limited available bandwidth, it is of interest
to reuse those free frequency bands through secondary users.
Secondary users take samples from frequency bands and aim
to identify free bands as quickly as possible to maximize
their throughput. Therefore, if we model the observations from
an occupied frequency band as random variables drawn from
distribution F0 and the observations from free bands as random
variables drawn from F1, search for a free frequency band
can clearly be modeled as the task of finding a sequence
generated by F1. The correlation among the sequences in
this setting captures the correlation among the occupancy
status of different channels. Another application is detection
of chemical or biological attacks using large wireless sensor
networks. Due to the limited transmission range of each
wireless sensor, the fusion center can receive measurements
from only a limited set of sensors at each time. In this case,
we can model the distribution of the observations from the
sensors affected by the attack by F1, and those from the
unaffected sensors by F0. Hence, finding a point of attack
can be abstracted by detecting a sequence generated by F1.
The level of correlation among different sequences is induced
by their relevant locations.

To proceed, we first analyze the homogeneous correlation
structure in Section III, in which εi

j remains unchanged over
the sequence space, i.e., εi

j = ε j for all i ∈ {1, . . . , n − 1}.
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The insight gained are leveraged to treat the general correlation
setting in Section IV.

III. HOMOGENEOUS CORRELATION

A. Finite-Horizon Search

First, we focus on the finite-horizon setting in which a
decision must be made prior to a pre-specified horizon T ∈ N.
In this subsection we briefly review the definitions and results
of the finite-horizon setting that are necessary for analyzing the
infinite-horizon setting. To this end, define πt as the posterior
probability that sequence st is generated according to F1, i.e.,

πt
�= P(Tst = H1 | Ft ), for t ∈ {1, · · · , T }. (7)

It can be readily shown that

π1 = ε f1(Y1)

ε f1(Y1)+ (1− ε) f0(Y1)
. (8)

By invoking the statistical independence among the samples
within a sequence and the correlation structure between con-
secutive sequences, we can obtain the following recursive
connection between πt+1 and πt for t ∈ N:

πt+1 = πt f1(Yt+1)

πt f1(Yt+1)+ (1− πt ) f0(Yt+1)
· 1(ψ(t) = 0)

+ π̄t f1(Yt+1)

π̄t f1(Yt+1)+ (1− π̄t ) f0(Yt+1)
· 1(ψ(t) = 1),

(9)

where we have defined

π̄t
�= πt (ε1 − ε0)+ ε0, (10)

and 1(·) denotes the indicator function. Given the cost function
in (6), we next characterize the expected cost of deciding in
favor of each of the detection, observation, and exploration
actions at time t given the information accumulated up to
time t . Specifically, given Ft , the minimal cost-to-go at time t ,
denoted by G̃T

t (Ft ), is related to the costs associated with
actions {Ai }3i=1, denoted by { J̃ T

t :i (Ft )}3i=1, according to

G̃T
t (Ft ) = min

{
J̃ T

t :1(Ft ), c + min
i∈{2,3} J̃ T

t :i (Ft )

}
, (11)

where we have the following recursive connections between
the minimal cost-to-go and action costs:

A1 : J̃ T
t :1(Ft ) = 1− πt . (12)

A2 : J̃ T
t :2(Ft ) = E

{
G̃T

t+1(Ft+1) | Ft , ψ(t) = 0
}
. (13)

A3 : J̃ T
t :3(Ft ) = E

{
G̃T

t+1(Ft+1) | Ft , ψ(t) = 1
}
. (14)

Specifically, J̃ T
t :1(Ft ) is the cost of stopping without taking

any further measurements and declaring sequence st as one
generated by F1; (c+ J̃ T

t :2(Ft )) is the expected cost associated
with taking one more sample from the same sequence; and (c+
J̃ T

t :3(Ft )) is the expected cost of switching to a new sequence.
Clearly, at time T the cost is

G̃T
T (FT ) = 1− πT .

According to [12, Th. 3.1] the minimum value of the cost
function in (6) in the finite-horizon setting is E{G̃T

τ (Fτ )}

where the expectation is over all possible future samples taken
up to the horizon time T , and the sequence {G̃T

t (Ft )}Tt=0
satisfies the backward recursion given in (11)–(14). The next
lemma establishes that the optimal decision rules for stopping
and switching at time t depend on Ft only through πt .

Lemma 1: The cost functions { J̃ T
t :i (Ft )}3i=1 and G̃T

t (Ft )
depend on Ft only through πt and can be cast as functions
of πt denoted by

{
J T

t :i (πt )
}3

i=1 and GT
t (πt ), respectively.

Proof: See Appendix A.
Therefore, the cost associated with taking any action can be

uniquely determined by πt , and the optimal action at time t
relies only on the probability term πt . Hence, the problem
in (6) is a Markov optimal stopping time problem and πt

is a sufficient statistic for the associated decisions [11]. The
next lemma sheds light on the structure of the functions
{J T

t :i(πt )}3i=2, and is instrumental to characterizing the optimal
stopping time and switching rules.

Lemma 2: The cost functions J T
t :2(π) and J T

t :3(π) are non-
negative concave functions of π for π ∈ [0, 1].

Proof: See Appendix B.

B. Infinite-Horizon Search

By relaxing the finiteness constraint, i.e., T →∞, the limit

lim
T→∞GT

t (π) = G∞t (π) (15)

is well-defined as the cost function GT
t (π) is decreasing in T

and is also lower bounded by 0. Since the observations in
each sequence are i.i.d., by invoking Lemma 1, it can be
readily shown that G∞t (π) is independent of time step t ,
i.e., G∞t (π) = G∞t ′ (π) for t 	= t ′. In order to highlight
this observation, throughout the rest of this paper we use
the shorthand G(π) to denote this function. By using the
dominated convergence theorem for costs associated with
observation and exploration actions, we have

Ji (π)
�= lim

T→∞ J T
t :i (π)

= lim
T→∞

∫
GT

t

(
π̃i f1 (Yt+1)

f̄i (Yt+1|π̃i )

)
f̄i (Yt+1|π̃i ) dYt+1

=
∫

lim
T→∞GT

t

(
π̃i f1 (Yt+1)

f̄i (Yt+1|π̃i )

)
f̄i (Yt+1|π̃i ) dYt+1

=
∫

G

(
π̃i f1 (Yt+1)

f̄i (Yt+1|π̃i )

)
f̄i (Yt+1|π̃i ) dYt+1, (16)

where we have defined

f̄i (Yt+1|π̃i ) � π̃i f1 (Yt+1)+ (1− π̃i ) f0 (Yt+1) , (17)

and

π̃i
�=

{
π for i = 2
π for i = 3.

(18)

According to (16), Ji (π) is independent of t , which indicates
that both observation and exploration cost functions are also
independent of t . Moreover, concavity of J T

t,i (π), established
in Lemma 2, indicates that Ji (π) is also concave. Thus, for
the cost-to-go function in the infinite-horizon setting, we have

G(π) = min{1− π, c + J2(π), c + J3(π)}. (19)
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In order to further analyze these cost functions, we provide the
following lemma on the relationship between J2(π) and J3(π).

Lemma 3: The functions J2(π) and J3(π) satisfy
J2(0) > J3(0) and J2(1) < J3(1).

Proof: See Appendix C.
Intuitively, π = 0 indicates that the probability of the

current sequence being generated by F1 is zero, which in
turn implies that the probability of the next sequence being
generated according to F1 is ε0. Hence, switching to the
next sequence is a natural decision, implying that at π = 0
the cost of exploration J3(0) is smaller than than cost of
observation J2(0). On the other hand, π = 1 indicates that
the current sequence is drawn from F1 with probability 1
while the counterpart probability for the next sequence is ε1.
Hence, switching to the next sequence incurs a higher cost,
which is consistent with J2(1) < J3(1). Based on the results
of Lemmas 1, 2 and 3, the optimal stopping time and switching
rules are characterized in the following subsections.

1) Stopping Time: Based on the Bayesian cost function
given in (6), the sampling process terminates when the cost-
to-go associated with stopping (detection action) falls below
those associated with observation and exploration actions.
In other words, the stopping time is the first time instance
at which

J1(πt ) < c +min{J2(πt ), J3(πt )}, (20)

or equivalently, the optimal stopping time is

τ = inf

{
t : J1(πt ) < c + min

i∈{2,3} Ji (πt )

}
. (21)

By recalling from (12) that J1(π) = 1−π the optimal stopping
time is given by the following theorem.

Theorem 1 (Stopping Time): The optimal stopping time τ
of the sampling process is

τ = inf
{
t : πt ≥ π∗U

}
, (22)

where π∗U is the solution of

π∗U = 1− c − min
i∈{2,3} Ji (π

∗
U ). (23)

Proof: According to (11) and based on the argument in
[12, Th. 3.7], at the stopping time, the cost-to-go function is
equal to the cost of detection. This implies that the detection
cost, 1−πt , falls below those associated with exploration and
observation actions, which indicates that the optimal stopping
time is

τ = inf

{
t : 1− πt < c + min

i∈{2,3} Ji (πt )

}
, (24)

from which it is observed that the stopping rule can be
equivalently cast as comparing the probability term πt with a
threshold. By following the same lines of argument as in [15],
this threshold can be found as the solution of

π∗U = 1− c − min
i∈{2,3} Ji (π

∗
U ). (25)

Therefore, the search procedure terminates when πt ≥ π∗U .
This result indicates that the stopping rule reduces to

comparing the posterior probability πt with a pre-specified
threshold π∗U .

2) Switching Rule: Based on (12)-(14), the switching rule
in (5), which prior to the stopping time dynamically decides
between performing the observation or exploration actions, at
time t ∈ {1, . . . , τ − 1} can be cast as

J3(πt )
ψ(t)=1

≶
ψ(t)=0

J2(πt ), (26)

where ψ(t) = 0 models the observation action with decision
cost J2(πt ) and ψ(t) = 1 models the exploration action with
the associated cost J3(πt ). Computing these cost functions
is often computationally prohibitive. In the sequel we derive
decision rules that are equivalent to the one in (26), but have
substantially simpler structures. These structures take different
forms depending on the relative choices of ε0 and ε1.

Case 1 (Positive Dependence): We define positive depen-
dence among neighboring sequences when throughout the
process at any time t , the events

{
Tst+1 = H1 | Tst = H1,Ft

}
, and {Tst+1 = H1 | Ft },

tend to be in concordance, i.e.,

P(Tst+1 = H1 | Tst = H1,Ft )

≥ P(Tst+1 = H1 | Ft ). (27)

This indicates that a sequence is more likely to be distributed
according to F1 when its preceding one is also distributed
according to F1. Based on the definitions of πt and {εi }1i=0 the
condition in (27) is equivalent to ε1 ≥ ε0. In this setting, a sim-
ple closed-form expression for the optimal switching function
can be delineated. The pivotal observation which facilitates
characterizing this expression is given in the following lemma.

Lemma 4: When ε1 ≥ ε0 the two functions J2(π) and J3(π)
intersect at exactly one point over π ∈ (0, 1), given by

π∗L
�= ε0

1− (ε1 − ε0)
. (28)

Proof: See Appendix D.
Based on continuity and concavity of functions

J2(π) and J3(π), the boundary conditions given by
Lemma 3, and uniqueness of their intersection shown in
Lemma 4, the following theorem characterizes the structure
of the optimal switching function.

Theorem 2 (Switching Rule): When ε1 ≥ ε0, the optimal
switching rule is

ψ(t) =
{

0 if πt ≥ π∗L
1 if πt < π

∗
L ,

(29)

where π∗L is defined in (28).
Proof: Since both exploration and observation cost

functions are continuous and according to Lemma 4 they
intersect at exactly one point, we can conclude that before
the intersection point (π < π∗L ) one of the cost functions is
always greater than the other one, and after the intersection
(π > π∗L ) their relationship changes. Therefore, by applying
the boundary conditions at π = 0, 1 from Lemma 3 we obtain{

J3(π) < J2(π) if π < π∗L
J3(π) > J2(π) if π > π∗L .

(30)
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Fig. 2. J2(π) and J3(π) versus π when ε1 ≥ ε0.

Fig. 3. J2(·) and J3(·) intersect at one point for ε1 < ε0.

This observation is depicted in Fig. 2. From (26) and (30)
we conclude that the optimal switching function can be
characterized as in (29).

Therefore, when ε1 ≥ ε0, at each time t , we need to
compare the posterior probability πt with the pre-specified
threshold π∗L , which is shaped by the parameters governing
the correlation structure. When πt exceeds π∗L we continue
with the observation action and continue sampling the current
sequence, and on the other hand, when πt falls below π∗L we
discard the current sequence and switch to the following one.

Case 2 (Negative Dependence): We define negative
dependence among adjacent sequences when throughout the
process for all t

P(Tst+1 = H1 | Tst = H1,Ft ) < P(Tst+1 = H1 | Ft ),

or equivalently ε1 < ε0. Unlike the case of positive depen-
dence, the functions J2(·) and J3(·) might intersect at more
than one point which can be verified by counter examples as
shown in Figures 3 and 4 for specific choices for F0 and F1.
Specifically, we select distributions F0 ∼ N (0, 4) and F1 ∼
N (0, 1), and first we set ε = 0.3, ε0 = 0.75, and ε1 = 0.25.
As depicted in Fig. 3 we observe that J2(·) and J3(·) intersect
at exactly one point. In the second setting we set ε = 0.3,
ε0 = 0.98, and ε1 = 0.02, and we observe in Fig. 4 that they
intersect at three points.

The intersection points determine the structure of the
switching function, and in this setting, having more than

Fig. 4. J2(·) and J3(·) intersect at three points for ε1 < ε0.

one intersection leads to having more thresholds for deciding
between observation and exploration actions. Consequently,
depending on the number of intersections of J2(·) and J3(·)
we provide different decision rules with different optimality
guarantees. Specifically, we find a decision rule that is optimal
when J2(·) and J3(·) intersect only once, and a decision rule
that is asymptotically optimal when they intersect more than
once. The following lemma is instrumental to characterizing
these optimal decision rules.

Lemma 5: When ε1 < ε0 the functions J2(·) and J3(·)
have an odd number of intersections which we denote by
{η1, . . . , η2�+1} for some � ∈ N, and π∗L defined in (28) is
always an intersection point.

Proof: Based on Lemma 3 we have J2(0) > J3(0) and
J2(1) < J3(1). These boundary values in conjunction with
continuity of J2(·) and J3(·) establish that J2(·) and J3(·) must
have an odd number of intersections. By noting that J3(π) =
J2((ε1 − ε0)π + ε0), clearly one of these intersection points
occurs when π = (ε1 − ε0) · π + ε0, or π = π∗L .
Based on the properties established in the lemma above,
the optimal switching function ψ(·) is characterized in the
following theorem.

Theorem 3 (Switching Rule): When ε1 < ε0, the optimal
switching rule is

ψ(t) =

⎧⎪⎪⎨
⎪⎪⎩

1 if πt ∈
�⋃

i=0
(η2i , η2i+1)

0 if πt ∈
�⋃

i=0
[η2i+1, η2i+2],

(31)

where we have set η0 = 0 and η2�+2 = π∗U .
Proof: According to (26), the optimal switching rule

reduces to comparing the observation and exploration cost
functions and choosing the action with the least cost. Based
on the reasoning in Lemma 5, after each intersection point ηi

one cost exceeds the other one, and the optimal action changes.
Since J2(0) > J3(0), for πt ∈ (0, η1) we have J2(πt ) > J3(πt )
and consequently ψ(t) = 1. Similarly for πt ∈ (η2i , η2i+1)
for all i ∈ {0, 1, . . . , �} we have ψ(t) = 1. On the contrary,
when πt ∈

[
η2i+1, η2i+2

]
for all i ∈ {0, 1, . . . , �} we have

ψ(t) = 0.
While this theorem establishes the structure of the

optimal decision rule, when the number of the intersections
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exceeds one, i.e., � ≥ 1, besides π∗L for which we have a
closed-form expression, the remaining ηi ’s should be com-
puted numerically, which can be computationally expensive
as it involves computing all the cost functions and incurs
prohibitive complexity for the search process. As a remedy, we
next propose an alternative switching rule with substantially
lower computational complexity and prove that it exhibits the
same asymptotic performance as the optimal search procedure
when the cost of decision error tends to zero [14], [38], [39].

Specifically we introduce a search procedure denoted by
S(π∗L , π∗U ), where π∗U and π∗L are given in (23) and (28),
respectively. This search process at time t decides to continue
sampling the same sequence if πt ∈ [π∗L, π∗U ), switches to
the next sequence if πt < π∗L , and terminates the sampling
procedure and declares a decision when πt ≥ π∗U . The
following theorem proves the asymptotic optimality of this
search procedure.

Theorem 4 (Asymptotic Optimality): When J2(·) and J3(·)
intersect at more than one point, as the decision error tends to
zero, the search procedure S(π∗L , π∗U ) is first-order asymptot-
ically optimal relative to any positive moment of the stopping
time distribution, i.e.,

lim
Rstop→0

E{τ̂m}
E{τm} = 1 , ∀m ∈ N, (32)

where we have defined τ and τ̂ as the stopping times of
the optimal procedure given in Theorem 3 and S(π∗L , π∗U ),
respectively, and

Rstop
�= P(Tsτ = H0). (33)

Proof: See Appendix E.
Besides establishing the effectiveness of the proposed alter-

native sampling procedure S(π∗L , π∗U ) by considering all the
moments of the stopping time, this theorem formalizes the
relationship between the expected delay of the optimal sam-
pling strategy and S(π∗L , π∗U ) for m = 1.

Corollary 1 (Expected Delay): The search procedure
S(π∗L , π∗U ) is first-order asymptotically optimal relative to the
expected delay when the decision error approaches zero.
Finally, we remark that the asymptotic optimality becomes
exact when J2(·) and J3(·) intersect at exactly one point, i.e.,
� = 0. In this case, the search procedure S(π∗L , π∗U ) becomes
equivalent to the optimal decision rule, and leads to the same
delay as the optimal procedure, i.e., τ̂ = τ . The following
corollary formalizes this observation.

Corollary 2 (Switching Rule): When ε1 < ε0 and J2(·)
and J3(·) intersect only once the optimal switching rule is
the structure formalized in (28) and (29).

The result of Theorem 1 in conjunction with the results of
Theorems 3 and 4 establish that the optimal sampling strategy
consists of dynamically comparing the posterior probability πt ,
which is the probability that sequence st is generated by F1,
with pre-specified lower and upper thresholds. Specifically,
the steps of the optimal and asymptotically optimal quickest
search procedure are summarized in Algorithm 1.

Algorithm 1 Quickest Search Algorithm for Homogeneous
Correlation

1 Set t = 1, s1 = 1, π∗L = ε0
1−(ε1−ε0)

, and π∗U
2 Take one sample from sequence st

3 Update πt according to (9) and (10)
4 If π∗L ≤ πt < π∗U
5 set st+1 = st

6 t ← t + 1
7 Go to Step 2
8 Else if πt < π∗L
9 set st+1 = st + 1
10 t ← t + 1
11 Go to Step 2
12 Else if πt ≥ π∗U
13 set τ = t
14 Declare sequence sτ as a desired sequence
15 End if

IV. NON-HOMOGENEOUS CORRELATION

In this section based on the insights gained from
the homogeneous setting, we generalize the results to
non-homogeneous settings. For the general correlation model
given in (3), the recursive connection for the evolution of the
posterior probability πt in (8) is still valid, in which π̄t is
updated according to

π̄t
�= πt (ε

st
1 − εst

0 )+ εst
0 . (34)

One major distinction between homogeneous and non-
homogeneous settings is that the cost functions {Jt :i }3i=1
become sequence dependent. Specifically, the cost functions
Jt :2 and Jt :3 are related through

Jt :3(π) = Jt :2
(
π(ε

st
1 − εst

0 )+ εst
0

)
, (35)

which indicates that their relationship changes across different
sequences, while it remains unchanged within a sequence.
The following lemmas provide some of the properties of
these cost functions.

Lemma 6: The cost functions {Jt :i(π)}3i=2 and the cost-to-
go function Gt (π) have the following properties.

1) They are non-negative concave functions of π .
2) Jt :2(0) > Jt :3(0) and Jt :2(1) < Jt :3(1).

Proof: The proof follows the same line of argument as
those of Lemmas 2 and 3.

In order to dynamically decide between exploration and
observation actions, we need to find the intersection points
of their associated cost functions and replace comparing the
cost functions with thresholding the posterior probabilities.
The following lemma characterizes the number of intersec-
tions between the costs of observation and exploration under
non-homogeneous correlation.

Lemma 7: The number of intersections between the costs
of observation and exploration can be obtained from the
following rules.
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1) Under positive dependence (εst
1 > ε

st
0 ), the cost functions

Jt :2(π) and Jt :3(π) intersect at exactly one point over
π ∈ (0, 1).

2) Under negative dependence (εst
1 < ε

st
0 ), the cost

functions Jt :2(π) and Jt :3(π) have an odd number of
intersections over π ∈ (0, 1).

3) In both cases, one of the intersection points is

π∗L ,st

�= εst
0

1− (εst
1 − εst

0 )
. (36)

Proof: The proof follows the same line of argument as
those of Lemmas 4 and 5.

Based on these properties, and similar to the negative
dependence case in the homogeneous setting, computing the
optimal switching rules can become prohibitive. Motivated by
this, we provide an optimal stopping time and asymptotically
optimal switching rules.

Theorem 5 (Stopping Time): The optimal stopping time τ
of the sampling process is

τ = inf
{
t : πt ≥ π∗U,st

}
, (37)

where π∗U,st
is the solution of

π∗U,st
= 1− c − min

i∈{2,3} Jt :i (π∗U,st
). (38)

Proof: The proof follows the same line of argument as
that of Theorem 1.

Therefore, unlike the homogeneous setting, detection is
performed when the posterior probability exceeds a certain
threshold which depends on the sequence at which stopping
occurs. Next, in order to decide between observation and
exploration actions, we propose a switching rule that is optimal
in the asymptote of small error probabilities. For this purpose
we define

π∗L ,i
�= εi

0

1− (εi
1 − εi

0)
, (39)

and define π∗U,i as the solution of

πU = 1− c − min
i∈{2,3} Jt :i(πU ), (40)

based on which we assign the search procedure S(π∗L ,i , π∗U,i )
to sequence X i . When the process reaches sequence X i , we
use this rule to decide in favor of detection, observation, or
exploration actions. Asymptotic optimality of this decision rule
is demonstrated in the following theorem.

Theorem 6: For every moment of the stopping time τ̂ of the
search procedure consisting of applying tests S(π∗L ,i , π∗U,i ) on
the sequences X i prior to the stopping time, i.e.,

inf
{
t : πt ≥ π∗U,st

}
, (41)

we have

lim
Rstop→0

E{τ̂m}
E{τm} = 1 , ∀m ∈ N. (42)

Proof: The proof follows the same line of argument as
that of Theorem 4.

Remark 1: The decision rule selects the last observed
sequence as the desired sequence generated by F1. When
sequence distributions do not change over time, this decision
rule can be generalized by allowing the decision rule to

select the desired sequence from the group of all sτ observed
sequences. For this purpose we define δ as the final decision
rule that returns the index of the sequences observed up to
the stopping time, i.e., δ ∈ {1, . . . , sτ }. Hence, the optimal
decision is given by

δ = arg max
i∈{1,...,sτ }

π i
τ , (43)

where π i
τ is the posterior probability of sequence i at the

stopping time.

V. PERFORMANCE ANALYSIS

In the previous sections, both optimal and asymptotically
optimal search procedures were characterized in the form
of dynamically comparing the posterior probability with two
thresholds at each time. The lower thresholds π∗L and π∗L ,i are
functions of correlation parameters, while the upper thresholds
π∗U and π∗U,i also depend on the cost per sample c. In this
section, we analyze the decision error probability and the
sampling complexity of these optimal and asymptotically
optimal sampling procedures for given pairs (π∗L, π∗U ) and
(π∗L ,i , π∗U,i ) for homogeneous and non-homogeneous settings,
respectively. To this end, first we show that both S(π∗L, π∗U )
and S(π∗L ,i , π∗U,i ) are equivalent to comparing the likelihood
ratio with some thresholds γL ,i and γU,i . In order to proceed,
we define

�t
�=

t∏
j=g(t)+1

f1(Y j )

f0(Y j )
(44)

as the likelihood ratio when we are sampling sequence st

where we have defined

g(t)
�= max {� < t : ψ(�) = 1}. (45)

We note that πg(t) is the value of posterior probability when
the last switching occurred. Hence, the posterior probability
at time t can be re-written as

πt =
(
�εst · πg(t) + εst

0

)
�t(

�εst · πg(t) + εst
0

)
�t +

(
1− (�εst · πg(t) + εst

0 )
) (46)

= �t

�t + 1−(�εst ·πg(t)+εst
0 )

(�εst ·πg(t)+εst
0 )

, (47)

where we have defined �εst
�= ε

st
1 − ε

st
0 . The value of

πg(t) changes over different sequences. To emphasize this and
simplify the notation we define

ζst

�= (
πg(t)

)
(ε

st
1 − εst

0 )+ εst
0 , (48)

which establishes that

γL ,i
�= π∗L,i

1−π∗L,i ·
1−ζi
ζi
, (49)

and γU,i
�= π∗U,i

1−π∗U,i ·
1−ζi
ζi
. (50)

From (49) and (50), and the definition of ζi , it is clear that
the values of γL ,i and γU,i are dependent on the observed
data. Therefore, in order to provide performance measures for
the search procedure, we characterize some bounds on these
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thresholds which are independent of data. For this purpose we
focus on the setting in which the distribution of the associated
log-likelihood ratio satisfies a tail constraint. Specifically, by
defining

L(Y )
�= log

f1(Y )

f0(Y )
(51)

as the log-likelihood ratio, we require that

maxr≥0 E{L(Y )− r | L(Y ) ≥ r} < +∞, (52)

and minr≥0 E{L(Y )+ r | L(Y ) ≤ −r} > −∞, (53)

which hold for most common unbounded distributions, e.g.,
distributions in the exponential family. By assuming that (52)
and (53) hold, in the sequel we provide performance analysis
for the devised search procedures. First, we define C1 > 0 and
C2 > 0 as

C1
�= min

{
max
r≥0

E0{L(Y )− r | L(Y ) ≥ r},

−min
r≥0

E0{L(Y )+ r | L(Y ) ≤ −r}
}
, (54)

and

C2
�= min

{
max
r≥0

E1{L(Y )− r | L(Y ) ≥ r},

−min
r≥0

E1{L(Y )+ r | L(Y ) ≤ −r}
}
. (55)

Both C1 and C2 depend only on the distribution of the
log-likelihood ratio, and are independent of the lower and
upper thresholds. Now by defining C

�= max{C1,C2}, we
can find bounds on γL ,i and γU,i that are functions of C ,
π∗L ,i , and π∗U,i . The following lemma formalizes the results.

Lemma 8: Provided that (52) and (53) hold, for the search
procedure S(π∗L ,i , π∗U,i ) we have the following bounds on the
values of γL ,i and γU,i .

1) When εi
1 > εi

0

1 < γL ,i ≤
π∗L ,i(1− ζ ∗i )
(1− π∗L ,i )ζ ∗i

, (56)

and
π∗U,i (1− π∗L ,i )
(1− π∗U,i )π∗L ,i

< γU,i ≤
π∗U,i (1− ζ ∗i )
(1− π∗U,i )ζ ∗i

. (57)

2) When εi
1 < εi

0

π∗L ,i (1− ζ ∗i )
(1− π∗L ,i)ζ ∗i

≤ γL ,i < 1, (58)

and
π∗U,i (1− ζ ∗i )
(1− π∗U,i )ζ ∗i

≤ γU,i <
π∗U,i (1− π∗L ,i )
(1− π∗U,i )π∗L ,i

, (59)

where

ζ ∗i = π∗L ,i − (εi
1 − εi

0)
(eC − 1)π∗L ,i(1− π∗L ,i)
π∗L ,i + eC(1− π∗L ,i )

. (60)

Proof: See Appendix F.
According to the lemma above, although the values of γL ,i

and γU,i are unknown and data dependent we can find their
maximum and minimum values in different settings.

Corollary 3: For the homogeneous setting and when the
boundedness properties given in (52) and (53) hold, ζ ∗i is

constant across different sequences, and the upper bounds and
lower bounds in (56)-(59) are independent of the sequence.

Based on the bounds provided in Lemma 8, next we provide
an upper bound on the error probability at the stopping time,
which is P

(
Tsτ = H0

)
.

Theorem 7: Provided that (52) and (53) hold, the decision
error of the search procedure S(π∗L ,i , π∗U,i ) is upper bounded
by

P
(
Tsτ = H0

) ≤ 1

1+ γmin
U · πmin

1−πmin

. (61)

where we have defined

γmin
U = min

i
γU,i , (62)

and πmin = min
i

P(Ti = H1). (63)

Proof: See Appendix G.
The upper bound on error probability depends on πmin

which is the minimum prior probability that one sequence is
distributed according to F1 prior to making any measurements.
The next remark provides a closed-form for πmin.

Remark 2: For the homogeneous correlation structure, the
minimum prior probability, πmin, is

πmin = min
{
ε, �ε · ε + ε0, π

∗
L

}
. (64)

Next, we analyze the sampling complexity of the search pro-
cedure. Specifically, we provide bounds on the average number
of samples required for forming the optimal decision. Similar
analysis for the sampling complexity of sequential binary
hypothesis testing is available in [11], [40], and [41], and
special cases of data-adaptive sampling in [16], [42], and [43].
The following relationship is instrumental to our analysis
of sampling complexity. By recalling that τi is the random
number of samples taken from sequence i , and L is the number
of sequences visited before stopping, the expected aggregate
number of samples is

E{τ } = E�

{
E{τ | L = �}

}
= E�

{
E

{ L∑
i=1

τi

} ∣∣∣ L = �
}
.

By denoting the Kullback-Leibler (KL) divergence between
pdfs f and g by DKL( f ‖g) and defining

πmax � max
i

P (Ti = H1) , (65)

we have an upper bound on the stopping time given in the
following theorem.

Theorem 8: If the boundedness properties of log-likelihood
ratio given in (52) and (53) hold, then the expected delay of
the search procedure S(π∗L ,i , π∗U,i ) is upper bounded by

E{τ } ≤ πmax

π2
min

· C2 + log γmax
U

(1− γ ∗L )DKL( f1‖ f0)

+1− πmin

π2
min

· C1 − log γ ∗L
(1− γ ∗L )2 DKL( f0‖ f1)

, (66)

where C1 and C2 are defined in (54)-(55), and

γmax
U = max

i
γU,i , (67)

and γ ∗L is the value of γL ∈ (0, 1) that minimizes the right
hand side of (66).

Proof: See Appendix H.
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The maximum prior probability πmax has a closed-form
expression in the homogeneous setting which is provided in
the next remark.

Remark 3: For homogeneous correlation structure, πmax is

πmax = max
{
ε, �ε · ε + ε0, π

∗
L

}
. (68)

VI. MULTIPLE SAMPLING

In this section, we consider the setting in which we can
observe multiple sequences at a time. We start by discussing
the case in which two sequences are sampled at each time,
and the generalization to more sequences follows the same
procedure. We assume that all sequences are divided into two
groups {Gi }2i=1 defined as

Gi = {X j : j = 2k + i, k = 0, 1, . . . } for i = 1, 2. (69)

At time t , one sequence from each group is sampled. Given
the correlation model in (3), for any pair of sequences we
observe a dependence structure according to

P{Tk = H1 | T� = Hr } = ε�;kr , r ∈ {0, 1}, (70)

where
{
ε�;kr

}
are functions of

{
εi

j

}
i, j

. We denote the indices

of the observed sequences at time t by sa
t and sb

t , and start
the process by observing sequences X 1 and X 2. At each
time t , we observe the pair (Y a

t ,Y b
t ) from sequences sa

t and sb
t

respectively, and the entire information accumulated up to
time t generates the filtration

F2
t � σ(Y a

1 ,Y b
1 , . . . ,Y a

t ,Y b
t ). (71)

Based on this information, three possible actions can be made
at each time:
A1) Detection: stop further sampling and identify one of

the sequences under examination as being generated
according to F1;

A2) Observation: due to lack of sufficient confidence for any
of the sequences, making any decision is deferred and
one more observation is taken from both sequences, i.e.,
sa

t+1 = sa
t and sb

t+1 = sb
t ; or

A3) Exploration: One or both sequences are deemed to
be generated by F0 and are discarded, and the sam-
pling procedure switches to the new sequence(s),
i.e., sa

t+1 = sa
t + 2 and/or sb

t+1 = sb
t + 2.

The stopping time τ with respect to the filtration F2
t denotes

the time that detection action should be taken. We define
F2

t -measurable switching functions ψa(·) and ψb(·) as the
switching rules for sequences sa

t and sb
t , respectively. These

two switching functions are binary, and when they are set to 1,
it means the corresponding sequences should be discarded
and we switch to the next available sequence. By defining
ψ(t)

�= (ψa(t), ψb(t)), we have

ψ(t) =

⎧⎪⎪⎨
⎪⎪⎩

(0, 0) sa
t+1 = sa

t , sb
t+1 = sb

t
(0, 1) sa

t+1 = sa
t , sb

t+1 = sb
t + 2

(1, 0) sa
t+1 = sa

t + 2, sb
t+1 = sb

t
(1, 1) sa

t+1 = sa
t + 2, sb

t+1 = sb
t + 2.

(72)

Decisions are formed by striking a balance between the error
probability of the final decision and the decision delay. For the

error probability, since we are observing two sequences, we
will detect the one that incurs the least error at the stopping
time. Therefore, decision error probability is

Pe
�= min

{
P(Tsa

τ
= H0), P(Tsb

τ
= H0)

}
. (73)

The average decision delay corresponds to the expected num-
ber of samples needed before stopping, i.e. E{τ }. By following
the same steps as in the case of one sample at a time, we can
integrate these two opposing performance measures into one
cost function. Hence, minimizing this total cost function over
all possible stopping times and switching rules is the solution
to the following optimization problem:

inf
τ,ψ̄τ

[Pe + c · E{τ }] , (74)

where ψ̄τ = {ψ(1), ψ(2), · · · , ψ(τ −1)}. In the previous sec-
tions, we observed that the posterior probability is a sufficient
statistic for such a problem. By defining πa

t � P(Tsa
t
=

H1 | F2
t ) and πb

t � P(Tsb
t
= H1 | F2

t ) as the posterior

probabilities that sequences sa
t and sb

t are generated by F1,
respectively, we obtain

πa
1 = π1 f1(Y a

1 )g
1;2
1 (Y b

1 )

π1 f1(Y a
1 )g

1;2
1 (Y b

1 )+(1−π1) f0(Y a
1 )g

1;2
0 (Y b

1 )
, (75)

and

πb
1 =

π2 f1(Y b
1 )g

2;1
1 (Y a

1 )

π2 f1(Y b
1 )g

2;1
1 (Y a

1 )+ (1− π2) f0(Y b
1 )g

2;1
0 (Y a

1 )
, (76)

where, for j ∈ {0, 1} we have defined

gi;k
j (Y )

�= εi;k
j ( f1(Y )− f0(Y ))+ f0(Y ). (77)

For simplicity of notation, we set i � sa
t and k � sb

t , and
denote the sequence after switching by �. Therefore,

πa
t+1

= πa
t f1(Y a

t+1)g
i;k
1 (Y b

t+1) · 1(ψa(t) = 0)

πa
t f1(Y a

t+1)g
i;k
1 (Y b

t+1)+ (1− πa
t ) f0(Y a

t+1)g
i;k
0 (Y b

t+1)

+ π̄a
t f1(Y a

t+1)g
�;k
1 (Y b

t+1) · 1(ψa(t) = 1)

π̄a
t f1(Y a

t+1)g
�;k
1 (Y b

t+1)+ (1− π̄a
t ) f0(Y a

t+1)g
�;k
0 (Y b

t+1)
,

(78)

and

πb
t+1

= πb
t f1(Y b

t+1)g
k;i
1 (Y a

t+1) · 1(ψb(t) = 0)

πb
t f1(Y b

t+1)g
k;i
1 (Y a

t+1)+ (1− πb
t ) f0(Y b

t+1)g
k;i
0 (Y a

t+1)

+ π̄b
t f1(Y b

t+1)g
�;i
1 (Y a

t+1) · 1(ψb(t) = 1)

π̄b
t f1(Y b

t+1)g
�;i
1 (Y a

t+1)+ (1− π̄b
t ) f0(Y b

t+1)g
�;i
0 (Y a

t+1)
,

(79)

where

π̄a
t �

(
ε

sa
t ;sa

t +2
1 − εsa

t ;sa
t +2

0

)
πa

t + εsa
t ;sa

t +2
0 , (80)

and π̄b
t �

(
ε

sb
t ;sb

t +2
1 − εsb

t ;sb
t +2

0

)
πb

t + εsb
t ;sb

t +2
0 . (81)
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Next, in order to find the best action at time t , we need to
find the costs of the three possible actions based on the cost
function in (74). Given F2

t , the minimal cost-to-go at time t ,
denoted by G̃t (F2

t ), is related to the costs associated with
actions {Ai }3i=1 according to

G̃t (F2
t ) = min

{
min

{
1− πa

t , 1− πb
t

}
,

c +min
ψ(t)

E
{

G̃t+1(F2
t+1) | F2

t , ψ(t)
}}
. (82)

The first term in (82) refers to the cost of detection action,
while the second one, for ψ(t) = (0, 0), represents the cost
of observation, and otherwise it represents exploration cost.
Similar to the single observation case, the following lemma
shows that πt � (πa

t , π
b
t ) is a sufficient statistic for (74), and

converts this problem into a Markov optimal stopping problem.
Lemma 9: The cost-to-go function G̃t (F2

t ) depends on F2
t

only through πt , and can be represented as Gt (πt ). Addition-
ally, each action at time t is uniquely determined by πt .

Proof: See Appendix I.
The next lemma characterizes some properties of these cost
functions as functions of πt .

Lemma 10: Both Gt (πt ) and E {Gt+1(πt+1) | Ft , ψ(t)} are
non-negative concave functions of πt .

Proof: The proof follows the same line of argument as
that of Lemma 2.

Based on Lemmas 9 and 10, we next characterize the
stopping time and switching rules in order to determine the
sampling procedure by dynamically identifying the action with
the least cost. By defining

Jt :i, j (πt ) � E{Gt+1(πt+1) | Ft , ψ(t) = (i, j)}, (83)

for (i, j) ∈ {0, 1} × {0, 1} the following theorem gives the
optimal stopping time and switching rules.

Theorem 9: The optimal stopping time τ of the multiple
sampling process is

τ = inf

{
t : max {πa

t , π
b
t } ≥ 1− c −min

(i, j )
Jt :i, j (πt )

}
,

and the switching rule is

ψ(t) = arg min
(i, j )

Jt :i, j (πt ). (84)

Proof: See Appendix J.
According to Theorem 9, the optimal action can be deter-

mined uniquely by identifying the subspace that contains the
vector of posterior probabilities. However, finding closed-
form expressions for the subspaces corresponding to each
action hinges on characterizing closed-form expressions for
the cost functions, which is intractable even for a one-at-a-
time sampling setting. The sampling process stops and one
of the sequences under observation is declared as the desired
sequence when the cost associated with detection action,
min{1− πa

t , 1− πb
t }, falls below the costs of observation and

exploration actions. Additionally, before the stopping time for
deciding between observation and exploration actions, we need
to compare their associated costs and select the one with the
least cost.

Fig. 5. Total Bayesian cost versus σ 2
1 /σ

2
0 for �ε > 0 and c = 0.01.

VII. SIMULATION RESULTS

In this section, we examine the analytical results of the
previous sections through simulations. The primary focus is
placed on comparing the obtained quickest search approach
with the existing one in the literature which ignores the
correlation structure among the sequences for designing its
decision rules. Specifically, in simulations we compare the
Bayesian cost, decision delay, and error probability of the final
decision yielded by the two approaches. For this purpose, we
run Monte Carlo simulations with 106 repetitions. Throughout
the simulations, we assume that the number of available
sequences is n = 1000, and the observations in each sequence
are i.i.d. zero-mean Gaussian random variables for F0 and F1
with variance values σ 2

0 and σ 2
1 , respectively. We note that the

ratio σ 2
1 /σ

2
0 represents the KL divergence between F0 and F1.

Specifically, we have

DKL( f1‖ f0) = 1

2

(σ 2
1

σ 2
0

− log
σ 2

1

σ 2
0

− 1
)
, (85)

which indicates that the KL divergence between F0 and F1
increases monotonically with σ 2

1 /σ
2
0 when σ 2

1 /σ
2
0 > 1. When

σ 2
1 /σ

2
0 tends to 1, the distributions F0 and F1 become less

distinguishable and we expect to need a larger number of
samples to make a reliable decision.

A. Homogeneous Correlation with Positive Dependence

In this setting, we set the prior probability for the first
sequence to be ε = 0.2. We also consider the positive depen-
dence case with correlation parameters ε0 = 0.3 and ε1 = 0.6.
Figure 5 demonstrates the variations of the cost function versus
σ 2

1 /σ
2
0 when the cost per sample is set to c = 0.01. This

figure shows the gains of leveraging the correlation structure
over a sampling procedure that treats different data streams
as independently generated ones [15]. Figure 6 compares
the number of samples needed before making a decision for
c = 0.01. Besides incurring the least total cost (Fig. 5),
the optimal sampling procedure also imposes less delay on
the search process according to this figure. The reason is
that the optimal procedure leverages all the observations to
form decisions while the one that ignores correlation discards
previous observations as it switches to a new sequence.
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Fig. 6. Average decision delay versus σ 2
1 /σ

2
0 for �ε > 0 and c = 0.01.

Fig. 7. Total Bayesian cost versus σ 2
1 /σ

2
0 for �ε > 0 and c = 0.1.

In order to compare the performance for different values of c
and show the trade-off between error probability and delay,
in Fig. 7 its value is set to c = 0.1, and other parameters
are the same as in Fig. 5. For different values of σ 2

1 /σ
2
0 the

total cost of our optimal sampling procedure outperforms the
one that ignores the correlation structure. For small values
of σ 2

1 /σ
2
0 , the search procedure introduced in [15] does not

take any samples, because the cost of taking one sample (0.1)
is higher than the reduction in error probability. Therefore,
the total cost is the error probability in making a decision
which is 1 − ε = 0.8. This figure shows that the advantage
of the proposed sampling procedure is much higher when the
distributions corresponding to f0 and f1 are close to each other
(i.e., have small KL divergence). Hence, in order to highlight
the gain of the search procedure S(π∗L , π∗U ) over the existing
one, in Fig. 8 we compared their average decision delays for
small values of σ 2

1 /σ
2
0 and c = 0.001. It can be observed that

for σ 2
1 /σ

2
0 = 0.5 dB the proposed strategy makes a decision

by collecting 250 fewer samples than the one that ignores
correlation.

B. Homogeneous Correlation with Negative Dependence

For a negative dependence setting, first we consider the case
with only one intersection between the cost functions of obser-
vation and exploration. For this purpose, we set ε0 = 0.75 and
ε1 = 0.25, which is the setting for the simulations in Fig. 3.

Fig. 8. Average decision delay versus σ 2
1 /σ

2
0 for �ε > 0 correlation and

c = 0.001.

Fig. 9. Comparison of total Bayesian cost versus σ 2
1 /σ

2
0 for �ε < 0 and

c = 0.01 (One intersection).

Fig. 10. Total Bayesian cost versus σ 2
1 /σ

2
0 for �ε < 0 and c = 0.001.

In this setting, the cost functions J2(·) and J3(·) intersect only
once and the search procedure S(π∗L , π∗U ) is optimal. Figure 9
shows the advantage gained by leveraging the correlation
structure in our decisions.

Figure 10 focuses on a setting with more than one inter-
section for J2(·) and J3(·). In this setting we have ε0 = 0.98
and ε1 = 0.02, which leads to having three intersection points
for J2(·) and J3(·) at the smaller values of σ 2

1 /σ
2
0 and one

intersection as this ratio increases. We also set c = 0.001 in
order to have a more realistic evaluation of the asymptotic
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Fig. 11. Average delay versus σ 2
1 /σ

2
0 for non-homogeneous correlation and

c = 0.01.

Fig. 12. Delay and quality trade-off for non-homogeneous correlation.

performance of the proposed search method compared to the
optimal one. The plot shows the performance of the optimal
solution, the approximate sampling procedure S(π∗L , π∗U ), and
the procedure which does not leverage the correlation struc-
ture. The results confirm that S(π∗L , π∗U ) performs very close
to the optimal procedure, and both outperform the procedure
that does not use the correlation structure.

C. Non-Homogeneous Correlation

We change the correlation parameters across sequences in
order to simulate a non-homogeneous setting in Fig. 11. For
this purpose we generate ε0 and ε1 as random variables uni-
formly distributed over [0, 1] and assume that their values are
known. It is observed that the sampling process that considers
correlation among sequences incurs less delay compared to the
one that ignores the correlation structure. In order to have a
better visualization of the trade-off between decision delay and
quality, in Fig. 12, we show how they evolve with different
values of σ 2

1 /σ
2
0 . It is observed that decision delay increases

by decreasing σ 2
1 /σ

2
0 , or the decision error.

D. Independent Sequences

We examine the performance of the devised search pro-
cedure S(π∗L , π∗U ) in the setting with independent sequences
in Fig. 13. To this end, we set ε = ε0 = 0.3 and compare

Fig. 13. Total Bayesian cost versus ε1 for independent sequences and
c = 0.005.

Fig. 14. Total Bayesian cost versus ε1 for correlated sequences and
c = 0.005.

the results for different values of ε1. It is observed that
the search procedure that is designed based on independent
sequences, which is optimal in this setting, outperforms our
proposed search for different correlation parameters. We also
note that when ε1 = 0.3, the two search procedures become
the same and have the same performance. As the value of ε1
moves away from ε0, the performance of the proposed search
procedure degrades due to the fact that it assumes stronger
dependency (positive or negative dependence for ε1 > ε0 and
ε1 < ε0, respectively) among the sequences which, in fact,
does not exist. To justify the comparison, we repeat the settings
considered in Fig. 13 for correlated sequences and compare the
performance of both search strategies in Fig. 14. The results,
uniformly, are in favor of the search strategy that considers
correlation structure in designing its decisions.

VIII. CONCLUSION

The problem of quickest sequential search over multiple
correlated sequences has been considered. Sequences are
generated according to one of two statistical distributions
and this generation follows a dependency kernel. A Bayesian
sequential sampling strategy for identifying one sequence that
is generated according to the desired distribution has been
designed. We have shown that, depending on the dependence
structure, we can find optimal or asymptotically optimal sam-
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pling strategies which, in spirit, are similar to the sequen-
tial probability ratio test. Specifically, at each time instance,
a posterior probability is formed and compared with two
pre-specified thresholds. The sampling strategy dynamically
decides whether to terminate the process or continue taking
further samples, and in the latter case from which sequence.

APPENDIX A
PROOF OF LEMMA 1

We prove this by using backward induction. At the stopping
time T , there should be a decision. Hence, for the minimal
cost function we have G̃T (FT ) = 1 − πT . By setting the
starting point of backward induction at T , we assume that
G̃t+1(Ft+1) depends only on πt+1, and show that G̃t (Ft ) and
J̃t :i (Ft ) depend on Ft only through πt . From (9), (13) and
(14), we obtain

J̃t :2(Ft ) = E

{
G̃t+1(Ft+1) | Ft , ψt = 0

}

=
∫

G̃t+1

(
πt f1 (Yt+1)

πt f1 (Yt+1)+ (1− πt ) f0 (Yt+1)

)

× [
πt f1 (Yt+1)+ (1− πt ) f0 (Yt+1)

]
dYt+1, (86)

and

J̃t :3(Ft ) = E

{
G̃t+1(Ft+1) | Ft , ψt = 1

}

=
∫

G̃t+1

(
π̄t f1 (Yt+1)

π̄t f1 (Yt+1)+ (1− π̄t ) f0 (Yt+1)

)

× [
π̄t f1 (Yt+1)+ (1− π̄t ) f0 (Yt+1)

]
dYt+1. (87)

Since π̄t = (ε1 − ε0)πt + ε0, the integrands in (86) and (87)
depend on Ft only through πt , which means that J̃t :i (·) is a
function only of πt , denoted by Jt :i (πt ). Therefore, for the
minimal cost in (11) we have

G̃t (Ft ) = min
{

J̃t :1(Ft ), c +mini∈{2,3} J̃t :i (Ft )
}

(88)

= min
{
1− πt , c +mini∈{2,3} Jt :i (πt )

}
, (89)

which shows that G̃t (Ft ) depends on Ft only through πt ,
denoted by Gt (πt ).

APPENDIX B
PROOF OF LEMMA 2

We prove both properties through backward induction.
At the stopping time, GT (πT ) = 1 − πT , which is both non-
negative and concave. By assuming that at time t + 1 the cost
function is non-negative, Gt+1(πt+1) ≥ 0, the integrands of
(86) and (87) will be non-negative. Therefore, Jt :2(πt ) and
Jt :3(πt ) are non-negative, and since Gt (πt ) is the minimum
of three non-negative functions, it is also non-negative.

Moreover, we show that if at time t + 1 the minimal
cost function Gt+1(πt+1) is concave, then {Jt :i (πt )}3i=2 and
Gt (πt ) are also concave. To this end, assume that Gt+1(πt+1)
is concave, and for any two arbitrary probability values
π1

t and π2
t , and λ ∈ [0, 1] define

π3
t � λπ1

t + (1− λ)π2
t , (90)

based on which we show that for i ∈ {2, 3}
λJt :i (π1

t )+ (1− λ)Jt :i (π2
t ) ≤ Jt :i (π3

t ). (91)

By defining

μi � λ f̄i (Yt+1 | π1
t )

λ f̄i (Yt+1 | π1
t )+ (1− λ) f̄i (Yt+1 | π2

t )
, (92)

where

f̄i (Yt+1|πt ) � π̃t,i f1 (Yt+1)+ (1− π̃t,i ) f0 (Yt+1) , (93)

and

π̃t,i
�=

{
πt if i = 2
π t if i = 3,

(94)

we expand the left hand side of (91) as

λJt :i (π1
t )+ (1− λ)Jt :i (π2

t )

=
∫ [

μi Gt+1(π
1
t+1)+ (1− μi )Gt+1(π

2
t+1)

]

×
[
λ f̄i (Yt+1 | π1

t )+ (1− λ) f̄i (Yt+1 | π2
t )

]
dYt+1.

By invoking the concavity of G(πt+1), we obtain

λJt :i (π1
t )+ (1− λ)Jt :i (π2

t )

≤
∫ [

Gt+1(μiπ
1
t+1 + (1− μi )π

2
t+1)

]

×
[
λ f̄i (Yt+1 | π1

t )+ (1− λ) f̄i (Yt+1 | π2
t )

]
dYt+1.

Next, we show that

λ f̄i (Yt+1 | π1
t )+ (1−λ) f̄i (Yt+1 | π2

t ) = f̄i (Yt+1 | π3
t ), (95)

and

μiπ
1
t+1 + (1− μi )π

2
t+1 = π3

t+1. (96)

For the left hand side of (95) we have

λ f̄i (Yt+1 | π1
t )+ (1− λ) f̄i (Yt+1 | π2

t )

(93)= λ

(
π̃1

t,i f1(Yt+1)+ (1− π̃1
t,i ) f0(Yt+1)

)

+(1− λ)
(
π̃2

t,i f1(Yt+1)+ (1− π̃2
t,i ) f0(Yt+1)

)

=
(
(λπ̃1

t,i + (1− λ)π̃2
t,i )︸ ︷︷ ︸

π̃3
t,i

)
f1(Yt+1)

+
(

1− (λπ̃1
t,i + (1− λ)π̃2

t,i )︸ ︷︷ ︸
π̃3

t,i

)
f0(Yt+1)

(93)= f̄i (Yt+1 | π3
t ). (97)

Next, by using (9), (90), (92) and (95), we can write the left
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hand side of (96) as

μiπ
1
t+1 + (1− μi )π

2
t+1

(92)= λ f̄i (Yt+1 | π1
t ) f1(Yt+1)

λ f̄i (Yt+1 | π1
t )+ (1− λ) f̄i (Yt+1 | π2

t )
· π̃1

t,i

f̄i (Yt+1 | π̃1
t,i)

+ (1− λ) f̄i (Yt+1 | π2
t ) f1(Yt+1)

λ f̄i (Yt+1 | π1
t )+ (1− λ) f̄i (Yt+1|π2

t )
· π̃2

t,i

f̄i (Yt+1|π̃2
t,i)

(95)= λπ̃1
t,i + (1− λ)π̃2

t,i

f̄i (Yt+1 | π3
t )

· f1(Yt+1)

(90)= π̃3
t,i

f̄i (Yt+1 | π3
t )
· f1(Yt+1)

(9)= π3
t+1. (98)

Thus,

λJt :i (π1
t )+ (1− λ)Jt :i (π2

t )

≤
∫

Gt+1(π
3
t+1) f̄i (Yt+1 | π3

t ) dYt+1

= Jt :i (π3
t ), (99)

which establishes the concavity of Jt :i(πt ) in πt . Since Gt (πt )
is the minimum of three concave functions, it is also concave,
which concludes the proof.

APPENDIX C
PROOF OF LEMMA 3

We prove J2(0) > J3(0) by contradiction. Assume
J2(0) ≤ J3(0), then from (11) by setting πt = 0 we obtain

G(0) = min{1, c+min{J2(0), J3(0)}}
= min{1, c+ J2(0)}. (100)

On the other hand, from (13) we have

J2(0) = E{G(πt+1) | Ft , ψ(t) = 0}
=

∫
G (0) f0(Yt+1) dYt+1

= G (0) . (101)

From (100)-(101) we have J2(0) = min{1, c + J2(0)}, which
shows that J2(0) = 1, and subsequently G(0) = 1. Addition-
ally, based on the definition of G(·) in (11) we have G(1) = 0
and G(π) ≤ 1 − π . By noting that G(·) is concave we find
that G(π) = 1− π . By invoking this observation we obtain

J3(0) = E{G(πt+1) | Ft , ψ(t) = 1}
=

∫
G

(
ε0 f1(Yt+1)

ε0 f1(Yt+1)+ (1− ε0) f0(Yt+1)

)

× [
ε0 f1(Yt+1)+ (1− ε0) f0(Yt+1)

]
dYt+1

=
∫ (

1− ε0 f1(Yt+1)

ε0 f1(Yt+1)+ (1− ε0) f0(Yt+1)

)

× [
ε0 f1(Yt+1)+ (1− ε0) f0(Yt+1)

]
dYt+1

= 1− ε0

< 1

= J2(0), (102)

which is a contradiction and establishes that J2(0) > J3(0).
Next, we show that J2(1) < J3(1). By leveraging (13), we
have

J2(1) =
∫

G (1) f1(Yt+1) dYt+1

= G (1)

= 0. (103)

On the other hand, from (14) we have

J3(1) =
∫

G

(
ε1 f1(Yt+1)

ε1 f1(Yt+1)+ (1− ε1) f0(Yt+1)

)

× [
ε1 f1(Yt+1)+ (1− ε1) f0(Yt+1)

]
dYt+1

(a)≥
∫ [

G(1)ε1 f1(Yt+1)+G(0)(1−ε1) f0(Yt+1)
]

dYt+1

= G(0)
(100)
> 0, (104)

where (a) holds since G(·) is concave. Hence, based
on (103)-(104) we have J3(1) > J2(1).

APPENDIX D
PROOF OF LEMMA 4

The definitions of J2(π) and J3(π) establish that J3(π) =
J2(�ε · π + ε0) where we have defined �ε � ε1 − ε0. J2(π)
and J3(π) clearly intersect when

�ε · π + ε0 = π, (105)

or, equivalently, when π = ε0
1−(ε1−ε0)

. Next, we show that this
intersection is unique. Since J2(π) is concave and J3(0) =
J2(ε0) < J2(0), then J2(π) is monotonically decreasing over
π ∈ [ε0, 1]. Therefore, J3(π) is also monotonically decreasing
in [0, 1]. From the concavity of J2(·), ∀π ∈ [0, ε0], we have

J2(π) = J2

(
ε0 − π
ε0
· 0+ π

ε0
· ε0

)

≥ ε0 − π
ε0

J2(0)+ π

ε0
J2(ε0)

(a)
> J2(ε0)

= J3(0) (106)

> J3(π), (107)

where (a) holds since J2(0) > J2(ε0). Hence, according
to (107), J2(π) and J3(π) do not intersect over π ∈ [0, ε0).
Now, suppose that there is one intersection in (ε0, 1] other
than π∗L , which we denote it by πr . This implies that J2(πr ) =
J3(πr ) = J2(�ε · πr + ε0), which means that there should
exist one π∗r = �ε ·πr + ε0 	= πr such that J2(πr ) = J2(π

∗
r ).

But J2(π) is monotonic over [ε0, 1], and in [0, ε0] we have
J2(π) > J2(ε0) > J2(πr ). Consequently, there cannot be such
πr and there is just one intersection at π∗L = ε0

1−(ε1−ε0)
.

APPENDIX E
PROOF OF THEOREM 4

First, we prove this theorem for m = 1 which is equivalent
to showing that

lim
Rstop→0

E{τ̂ }
E{τ } = 1. (108)
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Then, we leverage the results for establishing the asymptotic
optimality for higher moments of the stopping time. By denot-
ing the number of distinct sequences visited before detection
in the optimal sampling procedure by L, we have

τ =
L∑

i=1

τi , (109)

where τi is the number of measurements taken from the
sequence X i for i ∈ {1, 2, . . . , L}. By defining

Eπ {·} �= (1− π)E0{·} + πE1{·}, ∀π ∈ [0, 1], (110)

we first show that

lim
Rstop→0

Eπ {τi }
Eπ {τL} = 0 for i ∈ {1, . . . , L − 1}. (111)

For this purpose recall that

τL = inf
{

t : st = L and πt > π
∗
U

}
, (112)

and τi = inf
{

t : st = i and πt ∈
�⋃

j+1

(η2 j , η2 j+1)
}
. (113)

It can be easily verified that τi is upper bounded by

τ̂i = inf {t : st = i and πt < π∗L}. (114)

Therefore, by noting that τi ≥ 0, for establishing (111) it is
sufficient to show that

lim
Rstop→0

Eπ {τ̂i }
Eπ {τL} = 0 . (115)

According to (112) and (114), computing τL and τ̂i involves
comparing the posterior probability πt with thresholds π∗U
and π∗L . This is equivalent to comparing the likelihood ratio

�t
�=

t∏
j=g(t)+1

f1(Y j )

f0(Y j )
, (116)

with some thresholds γL ,i and γU,i where

g(t) = max {� < t : ψ(�) = 1}. (117)

In order to prove this, we note that πg(t) is the value of πt

when the last switching occurred, i.e., πg(t) < π∗L . Hence, the
posterior probability at time t can be re-written as

πt =
(
�ε · πg(t) + ε0

)
�t(

�ε · πg(t) + ε0

)
�t +

(
1− (

�ε · πg(t) + ε0
))

= �t

�t + 1−(�ε·πg(t)+ε0)
(�ε·πg(t)+ε0)

. (118)

The value of πg(t) changes over different sequences. To
emphasize this and simplify the notation we define

ζi
�=

(
π∑i−1

j=1 τ j

)
(ε1 − ε0)+ ε0, (119)

which establishes that

γL ,i
�= π∗L

1− π∗L
· 1− ζi

ζi
, (120)

and γU,i
�= π∗U

1− π∗U
· 1− ζi

ζi
. (121)

Hence, (112) and (114) can be re-written as

τL = inf {t : st = L and �t > γU,L}, (122)

and τ̂i = inf {t : st = i and �t < γL ,i}. (123)

Based on this, by using Wald’s identity we have

E1{τL} = E1{log�τL }
DKL( f1‖ f0)

, (124)

where DKL( f1‖ f0) is the Kullback-Leibler divergence
between f1 and f0. For the numerator in (124) we have

E1
{
log�τL

} = E1
{
log�τL |�τL > γU,L

}
= E1

{
− log

1

�τL

|�τL > γU,L

}

(a)≥ − log E1

{
1

�τL

|�τL > γU,L

}

= − log
E1

{
1
�τL

,1(�τL>γU,L )

}
P1(�τL > γU,L)

, (125)

where (a) holds due to Jensen’s inequality. For the numerator
in (125) we have

E1

{ 1

�τL

,1(�τL>γU,L )

}

=
∫
�τL>γU,L

1

�τL

·
τL∏

i=g(τL )+1

f1(Yi ) dY1 · · · dYt

=
∫
(�τL>γU,L )

τL∏
i=g(τL )+1

f0(Yi ) dY1 · · · dYt

(33)= Rstop. (126)

Similarly, we can show that P1(�τL > γU,L) = 1 − Rstop.
Hence, by using (124) and (125), we find the following lower
bound on E1{τL}:

E1{τL} ≥
log

1−Rstop
Rstop

DKL( f1‖ f0)
. (127)

Next, for the number of measurements taken from sequence
X i , denoted by τi , we have

E1{τi } ≤ E1{τ̂i }
= E1{log�τ̂i }

DKL( f1‖ f0)

= E1{log�τ̂i |�τ̂i < γL ,i}
DKL( f1‖ f0)

<
log γL ,i

DKL( f1‖ f0)
. (128)

Additionally, for i = 1, . . . , L − 1, we have

P0(τ̂i = n) = P0
(
� j > γL ,i , ∀ j < n and �n < γL ,i

)
≤ P0

(
�n−1 > γL ,i

)
= P0

(√
�n−1 >

√
γL ,i

)

<
1√
γL ,i

E
n−1
0

{√
�1

}
, (129)



5802 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 62, NO. 10, OCTOBER 2016

where (129) holds due to the Markov inequality. Now by
defining ρ0

�= E0
{√
�1

}
and using the Cauchy-Schwartz

inequality for ρ0 we have

ρ0 = E0

{√
�1

}

=
∫ √

f1(Y ) f0(Y ) dY

(b)
<

√∫
f1(Y ) dY

√∫
f0(Y ) dY

= 1, (130)

where (b) is due to the fact that f0 	= f1. Thus, for τi we have

E0 {τi } ≤ E0
{
τ̂i
}

=
∞∑

n=1

n · P0(τ̂i = n)

≤ 1√
γL ,i

∞∑
n=1

nρn−1
0

< +∞ , for i ∈ {1, . . . , L − 1}, (131)

and it is independent of Rstop. Therefore, for all
i ∈ {1, . . . , L − 1} we have

lim
Rstop→0

Eπ {τi }
Eπ {τL}

(114)≤ lim
Rstop→0

Eπ {τ̂i }
Eπ {τL}

(110)= lim
Rstop→0

(1− π)E0{τ̂i } + πE1{τ̂i }
(1− π)E0{τL} + πE1{τL}

(c)≤ lim
Rstop→0

1− π
π

E0{τ̂i }
E1{τL} + lim

Rstop→0

E1{τ̂i }
E1{τL}

(d)≤ DKL( f1‖ f0)

(
1− π
π

lim
Rstop→0

E0{τ̂i }
log

1−Rstop
Rstop︸ ︷︷ ︸

(131)−→0

)

+ lim
Rstop→0

log γL ,i

log
1−Rstop

Rstop︸ ︷︷ ︸
−→0

= 0, (132)

where (c) follows by dropping the positive term (1−π)E0{τL}
from the denominator, and (d) is due to (127)-(128). Therefore,
we have

lim
Rstop→0

Eπ {τi }
Eπ {τL} = 0, (133)

which establishes that as the probability of final decision
error approaches zero, the expected stopping time of the
last sequences dominates the stopping time of the previous
sequences. This guarantees that the average number of mea-
surements before visiting a strong candidate is negligible com-
pared to that required to increase the confidence for performing
the detection action. Next, we need to show that Eπ {L} is
finite to establish that the expected time of the last sequence
dominates the total time before visiting the last sequences. For
this purpose, we define Si,0 as the event that switching occurs

at the stopping time τi , i.e., Si,0 =
{
π∑i

j=1 τ j
< π∗L

}
, and Si,1

as the event that stopping occurs i.e., Si,1 =
{
π∑i

j=1 τ j
≥ π∗U

}
.

Hence, we have

Pπ(L = �) = (1− Pπ(SL ,0))

�−1∏
i=1

(
Pπ(Si,0)

)
. (134)

Let us define

αi
�= P0(Si,1), (135)

and βi
�= P1(Si,0), (136)

which indicates that Pπ(Si,0) = πβi + (1−π)(1−αi ). Now if
Pπ(Si,0) = 1, then Pπ(L = �) = 0 for � = 1, 2, . . . which is
impossible. Therefore, Pπ(Si,0) should be strictly less than 1,
and we denote its upper bound by θ < 1, i.e., Pπ(Si,0) < θ
which indicates that

Pπ(L = �) ≤
�−1∏
i=1

(
Pπ(Si,0)

)
(137)

≤
�−1∏
i=1

θ (138)

= θ�−1. (139)

Hence, the expected number of sequences visited before
stopping is given by

Eπ {L} =
∞∑
�=1

� · Pπ(L = �)

≤
∞∑
�=1

� · θ�−1

= 1

(1− θ)2
< ∞. (140)

Therefore, Eq. (141), as shown at the top of the next page,
holds where we have defined

E0,max
�= max

i∈{1,··· ,L−1}E0{τ̂i } (131)
< +∞, (142)

and γL ,max
�= max

i∈{1,··· ,L−1} γL ,i < +∞. (143)

Equation (143) holds since γL ,i only relies on π∗L and the
distributions F0 and F1, and is independent of Rstop. Equation
(141) establishes that in the asymptote of small error proba-
bilities the stopping time of the optimal sampling strategy is
dominated by the stopping time of the last sequence observed.
This means that the number of irrelevant samples taken from
the network before visiting the last sequence has a slight
impact on the total number of required samples.

Now we consider the search procedure S(π∗L , π∗U ) and by
following the same line of arguments as for the optimal
sampling process, we have

lim
Rstop→0

Eπ {τ̂}
Eπ {τ̂L} = 1. (144)
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lim
Rstop→0

Eπ {τ }
Eπ {τL} = lim

Rstop→0

Eπ

{∑L−1
i=1 τi

}
+ Eπ {τL}

Eπ {τL}
(114)≤ lim

Rstop→0

Eπ

{∑L−1
i=1 τ̂i

}
Eπ {τL} + 1

= lim
Rstop→0

E�

{
Eπ

{∑L−1
i=1 τ̂i

}
|L = �

}
Eπ {τL} + 1

(110)= lim
Rstop→0

E�

{
(1− π)E0

{∑L−1
i=1 τ̂i |L = �

}
+ πE1

{∑L−1
i=1 τ̂i |L = �

}}
(1− π)E0 {τL} + πE1 {τL} + 1

≤ lim
Rstop→0

E�

{
(1− π)E0

{∑L−1
i=1 τ̂i |L = �

}
+ πE1

{∑L−1
i=1 τ̂i |L = �

}}
πE1 {τL} + 1

(127)(128)(131)≤ lim
Rstop→0

E{L − 1}
(
(1− π)E0,max + π logγL,max

DKL( f1‖ f0)

)

π 1
DKL( f1‖ f0)

log
1−Rstop

Rstop

+ 1

= E{L − 1}
⎛
⎝DKL( f1‖ f0)

1− π
π

lim
Rstop→0

E0,max

log 1−Rstop
Rstop

+ lim
Rstop→0

logγL ,max

log 1−Rstop
Rstop

⎞
⎠+ 1

= 1 (141)

Following the same line of argument as in [38] we find that

lim
Rstop→0

E1{τL}( | log Rstop|
DKL( f1‖ f0)

) = lim
Rstop→0

E1{τ̂L}( | log Rstop|
DKL( f1‖ f0)

) = 1.

Hence,

lim
Rstop→0

E1{τL}
E1{τ̂L} = 1. (145)

Moreover, we can find the following upper bounds on E0{τL}
and E0{τ̂L}:

E0{τL} = −E0{log�t |�t > γU,L}
DKL( f0‖ f1)

<
− logγU,L

DKL( f0‖ f1)
< +∞, (146)

and

E0{τ̂L} = −E0{log�t |�t > γ̂U,L}
DKL( f0‖ f1)

<
− log γ̂U,L

DKL( f0‖ f1)
< +∞. (147)

Hence, from (145)-(147) we obtain

lim
Rstop→0

Eπ {τL}
Eπ {τ̂L} = 1, (148)

which indicates that the average number of measurements
taken from the last sequence in the search procedure
S(π∗L , π∗U ) is of the same order as for the optimal search pro-
cedure. This observation in conjunction with (141) and (144)

establishes

lim
Rstop→0

Eπ {τ }
Eπ {τ̂} = 1, (149)

which concludes the proof for m = 1.
Now, we have to show that for all m ∈ N

lim
Rstop→0

Eπ {τm}
Eπ {τm

L }
= 1, (150)

lim
Rstop→0

Eπ {τ̂m}
Eπ {τ̂m

L }
= 1, (151)

and lim
Rstop→0

Eπ {τm
L }

Eπ {τ̂m
L }
= 1. (152)

We start by showing that

Eπ {τ̂ k
i } < +∞, ∀k ∈ N, (153)

and for any m ∈ N and k ∈ {0, · · · ,m − 1}

lim
Rstop→0

Eπ {τ̂ k
i }

Eπ {τ̂m
L }
= 0. (154)

In order to show (153), by using (129) and (130) we have

E0

{
τ̂ k

i

}
=
∞∑

n=1

nk
P0(τ̂i = n)

≤ 1√
γL

∞∑
n=1

nkρn−1
0

< +∞. (155)
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Moreover, we have

P1{τ̂i = n} = P1
(
� j > γL, ∀ j < n and �n < γL

)
≤ P1 (�n < γL)

= P1

(
1√
�n

>
1√
γL

)

<
√
γL · En

1

{
1√
�1

}

= √γLρ
n
1 , (156)

where (156) holds due to the Markov inequality, and

ρ1
�= E1

{
1√
�1

}
.

From the Cauchy-Schwartz inequality we obtain

ρ1 = E1

{√
f0(Y )

f1(Y )

}

=
∫ √

f1(Y ) f0(Y ) dY

<

√∫
f1(Y ) dY

√∫
f0(Y ) dY

= 1. (157)

Therefore, we get for i ∈ {1, . . . , L − 1}

E1

{
τ̂ k

i

}
=
∞∑

n=1

nk
P1(τ̂i = n)

≤
∞∑

n=1

nkρn
1
√
γL

= √γL

∞∑
n=1

nkρn
1

< +∞. (158)

Hence, (155) and (158) establish that

Eπ {τ̂ k
i } = (1− π) · E0{τ̂ k

i } + π · E1{τ̂ k
i }

is finite. Next, in order to prove (154) note that by applying
Jensen’s inequality we have

E1{τ̂ k
L} >

(
E1{τ̂L}

)k ≥
⎛
⎝ log

1−Rstop
Rstop

DKL( f1‖ f0)

⎞
⎠

k

, ∀k ∈ N.

On the other hand, for a sequential likelihood ratio test we
have

lim
Rstop→0

E1{τ̂m
L }( | log Rstop|

DKL( f1‖ f0)

)m = 1 ∀m ∈ N, (159)

which implies that E1{τ̂m
L } is bounded as Rstop tends to 0.

Hence,

lim
Rstop→0

E1{τ̂ k
L}

E1{τ̂m
L }
= lim

Rstop→0

E1{τ̂ k
L}( | log Rstop|

DKL( f1‖ f0)

)m

E1{τ̂m
L }( | log Rstop|

DKL( f1‖ f0)

)m

(159)= lim
Rstop→0

E1{τ̂ k
L}( | log Rstop|

DKL( f1‖ f0)

)m

= lim
Rstop→0

E1{τ̂ k
L}( | log Rstop|

DKL( f1‖ f0)

)k

( | log Rstop|
DKL( f1‖ f0)

)m−k

(159)= lim
Rstop→0

(
DKL( f1‖ f0)

| log Rstop|
)m−k

= 0. (160)

Therefore, (155), (158), and (160) establish that

lim
Rstop→0

Eπ {τ̂m}
Eπ {τ̂m

L }
= lim

Rstop→0

Eπ

{ (∑L
i=1 τ̂i

)m }
Eπ {τ̂m

L }
= 1 , ∀m ∈ N. (161)

By following the same line of argument as in the proof of the
case m = 1, we find

limRstop→0
Eπ {τm

L }
Eπ {τ̂m

L }
= 1 , ∀m ∈ N, (162)

and limRstop→0
Eπ {τm}
Eπ {τ̂m} = 1 , ∀m ∈ N, (163)

which establishes the proof.

APPENDIX F
PROOF OF LEMMA 8

When an exploration action is taken, according to (54)-(55)
we have

log γL ,i − C ≤ log�t < log γL ,i , (164)

which in the homogeneous setting is equivalent to

π∗L −
(eC − 1)π∗L(1− π∗L)
π∗L + eC(1− π∗L)

≤ πt < π∗L . (165)

Therefore, by defining

ζ ∗ = π∗L − (ε1 − ε0)
(eC − 1)π∗L(1− π∗L)
π∗L + eC(1− π∗L)

, (166)

for positive dependence (ε1 ≥ ε0) we have

ζ ∗ ≤ ζi < π∗L .

Therefore, according to (49) and (50) we obtain

1 < γL ,i ≤ π∗L (1−ζ ∗)
(1−π∗L)ζ ∗ , (167)

and
π∗U (1− π∗L)
(1− π∗U )π∗L

< γU,i ≤ π∗U (1−ζ ∗)
(1−π∗U )ζ ∗ . (168)
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For negative dependence (ε1 < ε0) we have

π∗L < ζi ≤ ζ ∗,
which leads to the following upper bound and lower bound
for γL ,i and γU,i :

π∗L(1− ζ ∗)
(1− π∗L)ζ ∗

≤ γL ,i < 1, (169)

and
π∗U (1− ζ ∗)
(1− π∗U )ζ ∗

≤ γU,i <
π∗U (1−π∗L )
(1−π∗U )π∗L . (170)

By following the same line of arguments for the non-
homogeneous setting, similar upper and lower bounds for each
γL ,i and γU,i can be obtained. The major distinction is that
π∗L and ζ ∗ change across different sequences. Specifically, by
defining ζ ∗i as in (60), when εi

1 > εi
0 we have

ζ ∗i ≤ ζi < π∗L ,i , (171)

and when εi
1 < εi

0
π∗L ,i < ζi ≤ ζ ∗i . (172)

Therefore, when εi
1 > εi

0 we have

1 < γL ,i ≤ π∗L,i (1−ζ ∗i )
(1−π∗L,i )ζ ∗i , (173)

and
π∗U,i (1− π∗L ,i )
(1− π∗U,i )π∗L ,i

< γU,i ≤ π∗U,i (1−ζ ∗i )
(1−π∗U,i )ζ ∗i , (174)

and when εi
1 < εi

0

π∗L ,i(1− ζ ∗i )
(1− π∗L ,i)ζ ∗i

≤ γL ,i < 1, (175)

and
π∗U,i (1− ζ ∗i )
(1− π∗U,i )ζ ∗i

≤ γU,i <
π∗U,i (1− π∗L ,i)
(1− π∗U,i )π∗L ,i

. (176)

Hence, by defining

γmin
L

�= mini
π∗L ,i

1− π∗L ,i
1− ζ̄i

ζ̄i
, (177)

γmax
L

�= maxi
π∗L ,i

1− π∗L ,i
1− ζ̄i

ζ̄i
, (178)

γmin
U

�= mini
π∗U,i

1− π∗U,i
1− ζ̄i

ζ̄i
, (179)

and γmax
U

�= maxi
π∗U,i

1− π∗U,i
1− ζ̄i

ζ̄i
, (180)

we have the following bounds on the values of γL ,i and γU,i

in the non-homogeneous setting:
γmin

L < γL ,i < γ
max
L , (181)

and γmin
U < γU,i < γmax

U . (182)

APPENDIX G
PROOF OF THEOREM 7

The decision error at the stopping time can be expanded as

P(Tsτ = H0) =
∞∑

i=1

P(Ti = H0 | sτ = i) · P(sτ = i),

where we have

P(Ti = H0 | sτ = i)

= P(sτ = i | Ti = H0) · P(Ti = H0)∑1
j=0 P(sτ = i | Ti = H j ) · P(Ti = H j )

= 1

1+ P(sτ = i | Ti = H1) · P(Ti = H1)

P(sτ = i | Ti = H0) · P(Ti = H0)

. (183)

By recalling that τ is the stopping time and sτ is the last
sequence being observed, when the stopping criterion is sat-
isfied, from (122) we have

�τ ≥ γU,sτ . (184)

We also define Ȳτ as the vector containing all the samples
taken from sequence sτ prior to stopping, i.e.,

Ȳτ
�= (Yg(τ )+1, · · · ,Yτ ). (185)

By using (184), we have

P(sτ = i |Ti = H1)

=
∫
{sτ=i}

τ∏
t=g(τ )+1

f1(Yt )dȲτ

(184)≥ γU,i ·
∫
{sτ=i}

τ∏
t=g(τ )+1

f0(Yt )dȲτ

= γU,i · P(sτ = i | Ti = H0). (186)

From (183) and (186) we obtain

P(Ti = H0 | sτ = i) ≤ 1

1+ γU,i · π i

1−π i

(62)(63)≤ 1

1+ γmin
U · πmin

1−πmin

. (187)

Since the upper bound we obtained in (187) is independent of
the sequence X i , we get

P(Tsτ = H0) ≤
∞∑

i=1

P(sτ = i) · 1

1+ γmin
U · πmin

1−πmin

= 1

1+ γmin
U · πmin

1−πmin

·
∞∑

i=1

P(sτ = i)

= 1

1+ γmin
U · πmin

1−πmin

, (188)

which concludes the proof.

APPENDIX H
PROOF OF THEOREM 8

In order to find an upper bound on the delay of the search
procedure, we define an auxiliary search process S̄(γL, γU )
for some 0 < γL < 1 < γU < γmax

U . The minimal upper
bound on the sampling complexity in this process is also an
upper bound on the optimal one. By denoting the stopping
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time of this procedure and the number of sequences visited
before stopping as τ̄ and L̄ respectively, we have

τ̄ =
L̄∑

i=1

τ̄i . (189)

For every stopping time i ∈ {1, 2, . . . , L} we have

E{τ̄i } = π i
E{τ̄i |Ti = H1} + (1− π i )E{τ̄i |Ti = H0}

= π i · E1 + (1− π i ) · E0

≤ πmax E1 + (1− πmin)E0, (190)

where we have defined

π i = P(Ti = H1) ,

E0
�= E{τ̄i |Ti = H0} ,

and E1
�= E{τ̄i |Ti = H1}. (191)

Since γL and γU are constant across different sequences,
αi and βi defined in (135) and (136) are independent of
sequence i , and we denote them by α and β, respectively.
Therefore, we have

E0 ≤
(1− α)

(
C1 + log γ−1

L

)
+ α log γ−1

U

DKL( f0‖ f1)
(192)

≤ (1− α)(C1 + log γ−1
L )

DKL( f0‖ f1)
, (193)

where (193) holds since γU ≥ 1. Likewise, for E1 we have

E1 ≤ β (log γL)+ (1− β) (C2 + logγU )

DKL( f1‖ f0)

(a)≤ (1− β) (C2 + log γU,i
)

DKL( f1‖ f0)

≤ (1− β) (C2 + log γmax
U

)
DKL( f1‖ f0)

, (194)

where (a) holds since γL < 1. For the expected number of
sequences visited before stopping we can find an upper bound.
First from (134) we have

P(L = �) =
(
(1− π�)α + π�(1− β)

)

×
�−1∏
i=1

(
π iβ + (1− π i )(1− α)

)

≤
(
πmax(1− β)+ (1− πmax)α

)

×
(
πminβ + (1− πmin)(1− α)

)�−1
. (195)

Next, for the expected number of sequences visited we obtain

E{L} =
∞∑
�=1

� · P(L = �)

≤ πmax(1− β)+ (1− πmax)α(
πmin(1− β)+ (1− πmin)α

)2

≤ 1(
πmin(1− β)+ (1− πmin)α

)2 . (196)

Therefore, from (192)-(196) we have

E{τ̄ } ≤
πmax(1−β)(C2+logγmax

U )

DKL( f1‖ f0)
+ (1−πmin)(1−α)(C1+logγ−1

L )
DKL( f0‖ f1)

(πmin(1− β)+ (1− πmin)α)2

≤ πmax

π2
min

· C2 + log γmax
U

(1− γL)DKL( f1‖ f0)

+1− πmin

π2
min

· C1 + log γ−1
L

(1− γL)2 DKL( f0‖ f1)
, (197)

where (197) follows from dropping (1 − πmin)αi from the
denominator and replacing β with γL due to the fact that
β < γL . Now, we know that

E{τ } ≤ min
γL∈(0,1)

E{τ̄ }. (198)

The right hand side of (197) is a continuous function of γL

over (0, 1) and it can be shown that it has a global minimum
in this interval. By assuming that γ ∗L is the value of γL that
minimizes (197) we have

E{τ̄ } ≤ πmax

π2
min

· C2 + log γmax
U

(1− γ ∗L )DKL( f1‖ f0)

+1− πmin

π2
min

· C1 − log γ ∗L
(1− γ ∗L )2 DKL( f0‖ f1)

, (199)

and from the optimality of the proposed search procedure we
obtain

E{τ } ≤ E{τ̄ }. (200)

APPENDIX I
PROOF OF LEMMA 9

The proof follows from backward induction. At the stopping
time we have a detection action. Hence,

G̃τ (F2
τ ) = min {1− πa

τ , 1− πb
τ }, (201)

which is a function of πτ . Next, by assuming that at time t+1
the cost-to-go function is a function only of πt+1, we show that
at time t it depends on Ft only through πt . This follows imme-
diately by using the procedure in the proof of Lemma 1, and
the fact that πt+1 can be cast as a function of πt . To this end,
first we show that (c + minψ(t) E{G̃t+1(F2

t+1) | F2
t , ψ(t)})

depends only on πt . For ψ(t) = (0, 0) we have

E

{
G̃t+1(F2

t+1)|F2
t , (0, 0)

}

=
∫

G̃t+1(πt+1)h(Yt+1|F2
t , (0, 0)) dYt+1

=
∫∫

G̃t+1(πt+1)h(Y
a
t+1,Y b

t+1|πt ) dY a
t+1 dY b

t+1, (202)

where we have defined

h(Yt+1 | Ft , (0, 0))
�= P {Yt+1 | F2

t }
= πa

t f1(Y
a
t+1)g

sa
t ;sb

t
1 (Y b

t+1)

+(1− πa
t ) f0(Y

a
t+1)g

sa
t ;sb

t
0 (Y b

t+1), (203)

which is only a function of πt . From (78) and (79), we
know that πt+1 is a function only of πt . Hence, (202) is a
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function only of πt . By using the same argument we have
(c + minψ(t) E{G̃t+1(F2

t+1) | F2
t , ψ(t)}), and G̃t (F2

t ) are
functions of F2

t only through πt .

APPENDIX J
PROOF OF THEOREM 9

In order to stop sampling, the cost of the detection action
should fall below those associated with exploration and obser-
vation actions. Thus at the stopping time τ we have

min {1− πa
τ , 1− πb

τ } ≤ c +min
(i, j )

Jτ,i, j (πτ ). (204)

Therefore, the optimal stopping time is the first time that (204)
holds, i.e.,

τ = inf
{

t : max {πa
t , π

b
t } ≥ 1− c −min

(i, j )
Jt :i, j (πt )

}
.

For the switching rules, we need to compare the costs of
observation and exploration actions and decide in favor of the
one with the lowest cost. Since the costs of observation and
exploration actions are given by c + Jt,i, j (πt ), the optimal
switching rule at time t is given by

ψ(t) = arg min
(i, j )

Jt :i, j (πt ). (205)
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