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Power System State Estimation Under
Model Uncertainty
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Abstract—This paper considers the general state estimation in
power systems when the system model is not fully known. Model
uncertainty might be caused by lack of full information about
the network model, or by unpredicted disruptions or changes to
the grid topology, model, or parameters. This paper focuses on a
setting for state estimation in which besides the nominal model,
the system might follow a group of alternative models. Including
alternative possibilities for the system model, introduces a new di-
mension to state estimation. Specifically, the state estimator needs
todetectwhether the system model has deviated from its nominal
model, and if it is deemed to have deviated, then alsoisolatethe
actual model. These estimation, detection, and isolation decisions
are inherently coupled due to the fact that isolating the true model
is never perfect (due to noisy measurements), the effect of which
transcends the isolation process, and affects the estimation routine
as well. This paper establishes the fundamental interplay between
the detection, isolation, and estimation routines, designs the opti-
mal attendant rules, and provides an algorithm for implementing
these rules in a unified framework. The optimal framework is ap-
plied to the IEEE 14-bus system model and IEEE 118-bus model,
and the performance is compared against the existing relevant
approaches.

Index Terms—Model isolation, model uncertainty, non-linear
systems, state estimation.

I. INTRODUCTION

A. Overview

CONSIDER the problem of state estimation in a power
system in which the data collected from the measurement

unitsZ∈Rm×1is leveraged to recover the state of the system,
denoted byX ∈Rn×1. When the topology and the model of
the system is knownperfectly,Zis related toXaccording to

Z=g0(X)+N, (1)

whereg0is a general non-linear model that captures the system
model andN ∈Rm×1accounts for the measurement noise. In
practice, however, the full extent of the model embedded ing0
might not be known perfectly (i.e.,g0is not known perfectly).
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Furthermore, when the system undergoes unknown disruptions,
its model deviates from the known nominal modelg0. Motivated
by such circumstances, the state estimation routine should be
designed to also accommodate the possibility of the actual sys-
tem model being different from the nominal one. In this paper,
we analyze the general state estimation problem in which be-
sides the nominal modelg0, the true model might be one of
thepother possible models{gi:i∈{1,...,p}}. Under model
i∈{1,...p}, the relationship in (1) changes to

Z=gi(X)+N. (2)

The selection of the nominal and alternative models depends
on the context of disruption under investigation. For instance,
when state estimation under possible line outage is of interest,
the nominal model is the model of the network in which there
is no line outage, and different possible combinations of line
outages constitute the set of alternative models. For instance,
the set of models in which one line is in outage gives rise toL
models (Lis the number of lines), or two-line outages constitute
L(L−1)models. It is noteworthy that depending on the nature
of disruption, the number of possible models, and subsequently,
the computational complexity of estimating the state from (2)
grows. For instance, as mentioned before, the number of models
pgrows linearly withLunder the possibility of single-line
outages, and quadratically under the possibility of double-line
outages. As discussed in Section V, such complexity, however,
can be controlled when the structure of the models{g0,...,gp}
is leveraged judiciously.
Under the assumption that none of the models in (2) ren-
der the system unobservable, the uncertainty in the true model
introduces a new dimension to the state estimation problem.
Specifically, since the estimator structure depends on the cur-
rent system model, forming an estimate necessitates forming a
decision about the true model as well. Driven by the premise
that the detection routine is never perfect due to the presence of
noise, we will show that the detection rule for isolating the true
model and the state estimation routine are strongly coupled.
This observation motivates the theory presented in this paper
for state estimation in a system prone to changes in its nominal
model. Two key aspects of this theory are:
1) The quality of the state estimate when facing model un-
certainty is inferior to that of a setting with a perfectly
known model.

2) There exists an inherent interplay between the quality of
the model detection decision and that of the estimate.
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In order to capture the interplay and also quantify the level
of degradation in estimation quality, we identify three figures
of merit:q∈[1,+∞)andα, β∈(0,1], whereqcaptures the
estimation cost when facing model uncertainty normalized by
that of the setting with a known model, andαandβare the con-
straints on the likelihoods of misclassfying the true model when
it is the nominal model and when it is not the nominal model,
respectively. In this paper, we establish the intertwined char-
acteristic of the state estimation and model detection qualities,
and determine the decision rules that minimizeq(α, β)under the
constraints on the detection error probabilities. We also provide
a case study based on IEEE 14-bus system, in which we illus-
trate the improvement in the estimation performance yielded
by the optimal decision rules developed in this paper over that
yielded by the commonly used methods that decouple the two
sub-routines, in which often the model is detected and the de-
tection decision rule is then deemed perfect and leveraged for
state estimation.

B. Related Studies

Inference in a system facing model uncertainties has been
studied extensively in several domains, including power sys-
tems [1]–[14] and control theory [15] and [16]. State estimation
algorithms for general dynamic systems and power grids are
often studied under the assumption of complete knowledge of
the system and its parameters (c.f. [17]–[19]). However, when
the true model of the system deviates from the nominal model
(for instance, due to line outages in a power grid), the estimates
formed using the state estimation algorithms under the prior
assumption on system model are not accurate. To cope with
such model uncertainties, robust estimation routines that can
reliably generate state estimates in dynamic systems under the
given bounds on the uncertainties in the model parameters are
analyzed in [14]–[16]. In these studies, the uncertainties in the
system model are captured by additive perturbation terms that
are bounded, and guarantees on the worst possible estimation
performance are provided.
Inference under model uncertainty in power grids, where the

grid topology can change due to line outages, is studied in
[1]–[13]. Specifically, outage detection and identification in a
power system operating in a quasi-steady state is investigated in
[1]–[10]. In [1], an optimal outage detector is developed for a
power system that is approximated by a Gaussian linear model.
In [2] and [3], the outage detection algorithms to detect single
line and double line outages are developed based on the mea-
surements received from phasor measurement units (PMUs) in
the network, which are deemed to be accurately known. This
assumption, however, may not be valid in practice. In [5], a
quickest change detection approach is used for identifying line
outages. In [6]–[9], the statuses of branches are treated as state
variables and generalized state estimation based techniques are
developed to identify topology errors and open circuit breakers.
In [10], a computationally efficient scheme is developed to iden-
tify the status of circuit breakers, which is followed by the state
estimation. Line outage detection in dynamic models is studied
in [11] and [12]. In [11], power systems with cascading outages

are considered and the expressions for the joint posterior of cas-
cades and system states are developed. Specifically, in [12], the
measurements of the power network are modeled by a hidden
Markov model and the line outage detection problem is treated
as an inference problem. An outage detection framework based
on the maximum likelihood detection of outage hypotheses us-
ing real-time power flow measurements in a power transmission
network with a tree structure is developed in [13].
In this paper, we consider a static power system model, in

which the true model can be one of thep∈Ndifferent models
distinct from the nominal model. Similar formulations have been
studied for power grids in [1] and [11], where the system model
can change due to line outages, based on which the outage detec-
tion and state estimation problem is posed as a multi-hypothesis
testing problem. Specifically, in [1], the variations in the topol-
ogy due to line outages are modeled as a set of hypotheses and
a closed-form expression for the joint posterior distribution of
the line statuses and system states is developed under the as-
sumptions of linearity and Gaussian distributions for the system
states and the measurement noise, which is used for designing
an optimal detector. The theory in [1] is extended to a linear
dynamic system in [11]. The studies in [20]–[22] investigate the
problems that combine state estimation and model uncertainty
using real-time measurements. In [20] and [21], the measure-
ment residuals from the state estimation routine are utilized to
detect topology errors in power grids, without any guarantees
on the optimality. In [22], the uncertainty in the circuit breaker
statuses is incorporated into the generalized state estimation cost
to design a heuristic algorithm to jointly verify the statuses of
the unobserved circuit breakers and form the state estimate.
The aforementioned studies, irrespective of their discrepan-

cies in models, conform to the fact that, they decouple the model
detection and state estimation routines. In principle, however,
these routines are fundamentally interconnected. Decoupling
the detection and state estimation subroutines does not guaran-
tee optimality in the estimation performance, as has been noted
in [23] and [24] in the signal processing domain. For example,
using a Neyman Pearson or Maximum a-posteriori (MAP) based
detection rule to identify the correct hypothesis corresponding
to the outage event, followed by Bayesian state estimation does
not incorporate the uncertainty of the detection step into the
estimation subroutine. Hence, an optimal state estimator can
be characterized only by the inter-dependence of the estimator
design and the routine for isolating the true system model. We
formulate state estimator under model uncertainty as a multiple
compositehypotheses testing problem, in which the detection
and isolation rules are designed by incorporating the estima-
tion costs under the constraints on the detection and isolation
power. Optimal combined detection and estimation frameworks
are developed in [25] and [26]. Specifically, in [26], a binary hy-
pothesis testing problem is considered, with composite models
consisting of unknown parameters under both the hypotheses.
The joint detection and estimation problem in linear Gaussian
models is also considered in [27], where a closed-form expres-
sion for the joint posterior distribution of the unknown param-
eters and the hypotheses is developed. The theory developed in
[27] is applied to outage detection routine developed in [1].
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In this paper, we compare the estimation performance from
our decision rules with detection-driven approaches on IEEE 14-
bus system and IEEE 118-bus system. We consider line outages
and variations in the statistical properties of the measurements
to be the events that can modify the system model. Note that the
number of outages in a power system increases exponentially
with the number of branches in the system. Also, Bayesian state
estimation becomes computationally intractable for a large num-
ber of measurements. There exist studies that aim to circumvent
the complexity in detecting outage events [28]–[34] and state es-
timation [35]–[40]. Compressive sensing based approaches are
developed in [28] and [29] for outage detection. Graphical mod-
els are developed in [30]–[32] for identifying the grid topology
and anomalous lines, if any. A variational inference approach
is developed in [33], where efficient methods are developed to
perform marginal inference on the status of each line in the
power network. A feature sharing neural network architecture
is proposed in [34] to identify the correct topology. Multi-area
state estimation is often considered to lower the complexity of
state estimation in large systems. A review of multi-area state
estimation methods is provided in [35]. A hierarchical approach
to multi-area state estimation is considered in [36] and [37],
where the local state estimators operate independently and ex-
change information with a central coordinator. A decentralized
state estimation approach is adopted in [39] for bad data identi-
fication. A weighted least squares distributed algorithm for state
estimation is proposed in [40].

II. DATAMODEL

As discussed in Section I, and specified in (1)–(2), we con-
sider a nominal model for the grid, denoted byg0, andp∈N
possible alternative models denoted by{gi:i∈{1,...p}}.
Under modelgi,wehave

Z=gi(X)+N, fori∈{1,...p}. (3)

Each alternative model can, in general, represent uncertainty
or disruption to the normal operations of the grid. We assume
that the noise term has a known distribution with the probability
density function (pdf)fN. Futhermore, we assume that the state
X has pdfπ, which can be determined based on the historical
data on the stateX. It is noteworthy that the cases, in which no
prior information about the distribution ofXis known, can be
accommodated by settingπas a uniform distribution. Finally,
in order to signify that some model can occur more frequently
than others, we defineias the likelihood ofgibeing the true
model. Clearly,

p

i=0

i=1. (4)

A. Estimation Model

We are interested in leveraging the dataZand forming an
estimateX̂(Z)forX. Since under different models, the opti-
mal estimator takes different structures, we further denote the
estimate ofXunder modelgibyX̂i(Z),fori∈{0,...p}.In

order to quantify the fidelity of an estimateX̂, we adopt the

estimation cost functionC(X,̂X), which measures the close-

ness ofX andX̂. In this paper, we specifically set the cost
function based on the mean squared error (MSE) criterion given
by

C(X,U) X−U 2, (5)

for any generic estimatorUofX. Under modelgi, given that
Zis distributed according tofi, we define the average posterior
cost function as

Cp,i(U|Z) Ei[C(X,U)|Z], fori∈{0,...p},(6)

and define the optimal estimation cost as

Ĉp,i(Z) inf
U
Cp,i(U|Z), fori∈{0,...p}. (7)

Hence, the optimal estimate ofXunder modelgiis given by

X̂i(Z) arg inf
U
Cp,i(U|Z), fori∈{0,...p}. (8)

III. PROBLEMFORMULATION

When the system model deviates from the nominal model,
forming a reliable estimate forXstrongly depends on the cor-
rect isolation of the true model. In order to emphasize this cou-
pling, we pose the joint decision as a composite hypothesis
testing problem, which involves forming adetectiondecision
on whether the system is operating under the nominal modelg0.
When it is deemed otherwise, we also form anisolationdeci-
sion to identify the true non-nominal modelgifori∈{1,...p}.
Concurrently with the detection and isolation decisions, we also
need to form an estimateX̂. Hence, these decisions can be
formed concurrently by solving the composite hypothesis test

H0:Z∼f0(Z|X),withX ∼π(X)

H1:Z∼f0(Z|X),withX ∼π(X). (9)

When the decision is that the true model is not the nominal
model, we further isolate a model according to the following
n-dimensional composite hypothesis test fori∈{1,...,p}:

Hi:Z∼fi(Z|X),withX ∼π(X). (10)

Forming the detection and estimation decisions independently
does not ensure achieving the optimum performance. A de-
coupling approach for isolating the network model (e.g., via
Neyman-Pearson criterion) in the first step, followed by even
an optimal estimation in the second step does not incorporate
the uncertainty of the isolation decision in the first step into the
estimation structure. Therefore, we formulate the decision rules
for the problem in (9) and (10) such that the quality of estimators
and the detection/isolation rules are integrated properly to form
jointly optimal decisions.

A. Performance Measures

We model the detection and isolation decision rules for the
composite hypothesis testing problem in (9) and (10) using
a randomized testδ [δ0(Z),...δp(Z)], whereδi(Z)is the
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probability of deciding in favor ofHi,fori∈{0...p}. Clearly,

p

i=0

δi(Z)=1, (11)

and a randomized test subsumes the deterministic ones, by
placing the entire mass on one hypothesis, i.e.,δi(Z)=1for
somei∈{0,...,p}. By definingD∈{H0...Hp}as the de-
cision formed andT∈{H0...Hp}as the true hypothesis, the
detection and isolation likelihood of erroneously deciding in
the favor of hypothesisHjwhen the true model isHi,for
i=j∈{0,...,p}, is given by

P(D=Hj|T=Hi)=
Z

δj(Z)fi(Z)dZ. (12)

We definePmdas the probability of missing or misclassifying
the true model when it is not a nominal model

Pmd
1

P(T=H0)

p

i=1

P(D=Hi|T=Hi)P(T=Hi).

(13)
By leveraging (12) and the definition of i,Pmd can also be
restated as

Pmd=

p

j=1

p

i=0,
i=j

j

1− 0
·
Z

δi(Z)fj(Z)dZ. (14)

We also definePfaas the probability of declaring that the system
model has deviated from the nominal model while the true model
is in fact the nominal model and it is given by

Pfa

p

i=1

P(D=Hi|T=H0). (15)

Basedon(12),Pfacan be rewritten as

Pfa=

p

i=1 Z

δi(Z)f0(Z)dZ. (16)

For any generic estimatorUiofXunderHifori∈{0,...,p},
the corresponding estimation cost is given byC(X,Ui). Since
the stochastic model of the measurementsZdepends on the
choice of hypothesis, the estimation costC(X,Ui)is relevant
only under the event of deciding in favor ofHi. We define
Ji(δi,Ui)as the average estimation cost given that the decision
isHi, i.e.,

Ji(δi,Ui) E[C(X,Ui)|D=Hi], (17)

where the expectation is with respect toX andZ. Wealso
defineJ(δ,U)as the maximum of the average estimation costs
Ji(δi,Ui), i.e.,

J(δ,U) max
i∈{0,...p}

Ji(δi,Ui), (18)

where we have definedU {U0,...,Up}. Based on the figure
of merit defined for detection, isolation and estimation qualities
in (14), (16) and (18), in the next subsection we design the deci-
sion rulesδandUthat minimizeJ(δ,U)under pre-specified
constraints onPfaandPmd.

B. State Estimation Framework

We now formulate the estimation problem under uncertainty
in the system model due to certain events, which also char-
acterizes the interplay between the estimation quality and the
detection performance. Note that perfect (error-free) detection
and isolation is not possible due to the presence of noise in
the measurements, and at the same time, the estimation quality
hinges on successful isolation of the true system model. Hence,
based on the definitions in (14) and (16), we aim to control
PmdandPfaand obtain the optimal decision rulesδandUthat
minimizeJ(δ,U). This can be formalized as

P(α, β)

⎧
⎪⎨

⎪⎩

min(δ,U) J(δ,U)

s.t. Pmd≤β

Pfa≤α

. (19)

Definition 1:For givenα, β∈(0,1)as the constraints con-
trolling the qualities of detection and isolation, we define

q(α, β)
P(α, β)

J0(U)
, (20)

which quantifies the ratio of estimation cost in the setting with
and without uncertainty. The average estimation cost corre-
sponding to estimatorU when the model is known is given
by

J0(U) E0[C(X,U)]. (21)

Note that for the given distributionf0, the average cost func-
tion under the nominal system model, i.e.,minUJ0(U)is a
constant . Therefore, characterizingq(α, β)defined in (20) is
equivalent to solvingP(α, β).
Remark 1 (Feasibility).By forming the detection rules for

the composite hypothesis testing problem in (9) under the con-
straint onPfausing Neyman-Pearson theory [41], it can be read-
ily verified that corresponding to any givenα, such thatPfa≤α,
there exists a valueβ∗(α), which specifies the smallest feasible
value forPmd. Therefore, the constraints on the probabilities
PmdandPfacannot be made arbitrarily small simultaneously.
We remark that the cost function J(δ,U)defined in (18),

which serves as the basis for optimizing the decision rules,
captures the worst-case estimation cost among all the different
models{gi:i∈{0,...,p}}. While optimizing this measure
provides a worst-case guarantee, often different values of the
other cost functions{Ji(δi,Ui):i∈{0,...,p}}are smaller
than the worst-case cost. In order to shed light on the range
of{Ji(δi,Ui):i∈{0,...,p}}, in Section V we compare the
q(α, β), which represents the optimal value ofδandU, with the
following average and minimum costs. Specifically, for given
detection and isolation rulesδand estimatorsU that solve
P(α, β), we define

qavg
Javg(δ,U)

J0(U)
, (22)

whereJavg(δ,U)is the average estimation cost across all mod-
els, i.e.,

Javg(δ,U)

p

i=0

iJi(δi,Ui), (23)
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and define

qmin(α, β)
Jmin(δ,U)

J0(U)
, (24)

where

Jmin(δ,U) min
i∈{0,...p}

Ji(δi,Ui). (25)

Note thatqmin(α, β),qavg(α, β)andq(α, β)are the estimation
metrics normalized with respect to the estimation quality un-
der the nominal model and followqmin(α, β)≤qavg(α, β)≤
q(α, β).

IV. OPTIMALSTATEESTIMATOR UNDERMODELUNCERTAINTY

A. Decision Rules

In this section, we provide the design of the estimators
{Ui:i∈{0,...,p}}and the detectors{δi:i∈{0,...,p}}
characterized by the optimal solutions to the problemP(α, β).
The dependence ofPmdandPfaonδis established in the equa-
tions (14) and (16), respectively. By using the expansions in (14)
and (16), the problem of interest in (19) becomes

P(α, β)

=

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

min(δ,U) J(δ,U)

s.t. p
j=1

p
i=0,

i=j

j

1− 0
Z

δi(Z)fj(Z)dZ≤β

p
i=1

Z

δi(Z)f0(Z)dZ≤α

.

(26)

Note that the estimators{Ui:i∈{0,...,p}}appear only in
the utility functionJ(δ,U)in (26), which allows for break-
ing down of the optimization problemP(α, β)into two sub-
problems. This observation is formalized in Theorem 1.
Theorem 1:The problemP(α, β)can be equivalently stated

in the following form

P(α, β)

=

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

minδ J̃(δ,X̂)

s.t. p
j=1

p
i=0,

i=j

j

1− 0
Z

δi(Z)fj(Z)dZ≤β

p
i=1

Z

δi(Z)f0(Z)dZ≤α

,

(27)

where

X̂ arg min
U
J(δ,U), (28)

and

J̃(δ,X̂) min
U
J(δ,U). (29)

By using Theorem 1, we first provide the solution to (28),
which provides the design of the optimal estimators.
Theorem 2 (State Estimator).The optimal estimator under

hypothesisHithat minimizes the estimation costJ(δi,Ui)is

given by

X̂i(Z)=arginf
Ui
Cp,i(Ui|Z). (30)

Consequently, the cost functionJ̃(δ,X̂)is given by

J̃(δ,X̂) = max
i

⎧
⎪⎪⎨

⎪⎪⎩

Z

δi(Z)̂Cp,i(Z)fi(Z)dZ

Z

δi(Z)fi(Z)dZ

⎫
⎪⎪⎬

⎪⎪⎭
. (31)

Proof.See Appendix A.
Given the estimator design obtained by forming the optimal
solution toJ̃(δ,X̂), the corresponding optimal detection rules
are established by solving the optimization problem in (27).
Theorem 3 (Detection and Isolation).The optimal detection

and isolation rules are given by:

δi(Z)=
1,fori=i∗

0,fori=i∗
, (32)

where

i∗= argmin
i∈{0,...,p}

Ai. (33)

Constants{Ai:i∈{0,...,p}}are defined as

A0 0f0(Z)(̂Cp,0(Z)−u)+p+1

p

i=1

i

1− 0
fi(Z),(34)

and fori∈{1,...,p},

Ai ifi(Z)(̂Cp,i(Z)−u)

+ p+1

p

j=1,
j=i

j

1− 0
fj(Z)+p+2f0(Z), (35)

where the non-negative constants{i:i∈{0,...p+2}}are
the Lagrangian multipliers selected such that

p+2

i=0

i=1, (36)

and the constraints in the following convex optimization prob-
lem (which is equivalent to the problem in (27)) are satisfied.

P̃(α, β)=
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

minδ u

s.t.
Z

δi(Z)fi(Z)(̂Cp,i(Z)−u)dZ≤0,∀i

p
j=1

p
j=i

j

1− 0
Z

δi(Z)fj(Z)dZ ≤β

p
i=1

Z

δi(Z)f0(Z)dZ≤α

(37)

Also, the optimum maximum average estimation cost is given
byP(α, β).
Proof.See Appendix B.
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Algorithm 1Finding the optimal solution ofP(α, β)

1: Computeβ∗(α)based on Remark 1
2: Set the corresponding estimation cost tou1
3:ifβ<β∗(α)then
4: P(α, β)is not feasible
5: break
6:else
7: Initializeu0=0
8: Evaluate optimal posterior estimation costs in (7)
9: repeat
10: û←(u0+u1)/2
11: foreverŷ 0such thatˆ1=1do
12: Computeδfrom (32)
13: ComputeM(̂) J(α, β,û)
14: end for
15: ifmin M̂(̂)≤0then
16: u1← û
17: ← ˆ

18: else
19: u0← û
20: end if
21: untilu1−u0≤ ,forsufficiently small
22: P(α, β)←u1
23:returnDecision rules in (32)
24:end if

Therefore, in summary, Theorem 2 provides the design of
the optimal estimators under all possible models, which are
shown to be the estimators that minimize the respective aver-
age posterior cost functions. Theorem 3 provides the design of
the decision rules to decide upon the true system model. Note
that the estimation quality is incorporated in the decision rules
designed in the form of average posterior cost functions.

B. Implementation

The complete procedure for numerically solving the problem
P(α, β)is described in Algorithm 1. Given the constraintsαand
βon the detection performance, the optimal decision rules are
determined by a procedure similar to the bisection search. We
develop an equivalent auxiliary convex optimization problem,
J(α, β, u),using̃P(α, β)in (37), whereulies in the interval
containingP(α, β). Starting with interval[u0,u1]containing
P(α, β), we determine the minimum value of̂u∈[u0,u1]for
whichJ(α, β,û)is feasible. This is done in the outer loop start-
ing at line 9, where we iteratively search for the optimal̂uin
the interval[u0,u1]. Inside this loop, we solveJ(α, β,û)by
the method of Lagrangians, and̂ represents the vector of La-
grangian coefficients, where the optimal Lagrangian coefficients
satisfyˆ1=1and̂ 0. In the lines 11–14 in Algorithm 1,
we computeJ(α, β,û)for every possiblê that satisfies the
conditions in line 11 and store the values in the vectorM.The
optimal value ofJ(α, β,û)is given bymin M̂(̂)and we
perform a feasibility check in line 15. Using lines 15–20 we
update the valuesu0andu1. The outer loop starting at line 9
is repeated untilu0andu1are sufficiently close, after which

the algorithm returns the valuêuand the decision rules corre-
sponding tomin M̂(̂)in the last iteration before the stopping
condition in line 21 is satisfied.
We developed an estimation routine that minimizes the mea-
sureqof estimation performance under the constraints on the
detection performance. This also provides us with a tool to
characterize the degradation in the estimation performance as
the constraints on the detection performance are relaxed.

V. CASESTUDY

In this section, we evaluate the performance of the optimal
framework on IEEE 14-bus system, a 4-bus model, and IEEE
118-bus system. We consider line outages to be one of the
events that can lead to multiple possible true models. Note that
the number of possible models grows exponentially with the
number of possible outages and the size of the system.
By judiciously leveraging the structure of the observations
Zand their relationship with the state parameterX, the com-
plexity can be reduced significantly. Specifically, only a limited
number of state parameters contribute to each measurement.
Hence, the entire state estimation problem can be decomposed
into a number of problems each with a considerably smaller
dimension. Physically this means that the grid can be divided
into multiple subnetworks, in which each subnetwork has only
limited shared state parameters with other subnetworks. This
allows for providing the subnetworks with a level of autonomy
in forming their own state estimates, based on which each sub-
network has its local decision about its local state parameters.
Once these decisions are formed, the neighboring subnetworks
that share common parameters can exchange the relevant infor-
mation in order to reach a joint decision about the estimates for
their shared parameters.
Therefore, we adopt a multi-area approach in this case study.
In the experiments on the IEEE 14-bus system, we divide the
network into four areas, as depicted in Fig. 1, and evaluate the
estimation performances on two of them. In the detection-driven
approach used in the experiments on IEEE 14-bus system, we
use a multilayer perceptron to design the outage detector and
compare the resulting estimation performance with that yielded
by our decision rules.

A. Comparison with Detection-driven Approaches

We divide the IEEE 14-bus system into four areas
{S1,S2,S3,S4}(as done in [37]), with their internal measure-
ments given by

S1:{P1−2,P1−5,P2−5,P1}, (38)

S2:{P3−4,P4−7,P7−8}, (39)

S3:{P6−11,P6−12,P6−13,P12−13,P12}, (40)

S4:{P9−10,P9−14,P9}, (41)

wherePi−jis the power flow measurement from busito busj
andPiis the power injection measurement at busi. Under the
nominal model in Fig. 1, the DC power flow equation for an
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Fig. 1. IEEE 14-bus system with specified areas.

AreaSi,fori∈{1,2,3,4}, is given by

Zi=H
0
iXi+Ni, (42)

whereZiis the measurement vector,Xiis the state vector to
be estimated andNiis the additive noise component andH

0
i

is the Jacobian matrix for areaSi.
First, we focus on areaS1. Under a DC model, the state
parameters of this area are the phase anglesX1,X2,X5, where
Xiis the phase angle at busi. We assume bus 1 to be the local
reference bus and form the estimates at bus 2 and bus 5 with
respect to bus 1. Under the nominal model, the Jacobian matrix
H01is given by

H01=

⎡

⎢
⎢
⎢
⎣

1 −1 0

1 0 −1

0 1 −1

2 −1 −1

⎤

⎥
⎥
⎥
⎦
,

and the relationship between the measurementsZ1and the state
parametersX1is captured by

Z1=H
0
1X1+N1, (43)

where Z1=[P1−2,P1−5,P2−5,P1]
T,X1=[X1,X2,X5]

T

andN1is the noise component with a probability distribu-
tionN(0,σ2I4×4), whereσ

2=0.1.X2andX5are assumed
to be independent and identically distributed (i.i.d) with pdf
Unif[0,0.5π]. We consider the following two outage events in
AreaS1.

1) Outage in the branch 1–5, with probability1=0.3.The
modified adjacency matrix is

H11=

⎡

⎢
⎢
⎢
⎣

1 −1 0

0 0 0

0 1 −1

1 −1 0

⎤

⎥
⎥
⎥
⎦
,

where the row 2 being zero indicates that there is no power
flow between the node 1 and node 5 and the measurement
P1−5consists of only the noise component. Row 1 and
row 4 being identical indicates that the measurementsP1
andP1−2measure the power injection at bus 1 under this
topology.

2) Outage in the branch2−5, with probability2=0.2.
The modified adjacency matrix is

H21=

⎡

⎢
⎢
⎢
⎣

1 −1 0

1 0 −1

0 0 0

2 −1 −1

⎤

⎥
⎥
⎥
⎦
,

with row 3 being zero indicating no power flow between
buses 2 and 5 and the measurementP2−5consists of only
noise.

We assume that the outage events described above cannot
occur simultaneously. Therefore, the probability that no outage
event occurs is given by0=0.5. We compare the average es-
timation cost for a detection driven approach, where the correct
network model is identified using a trained multilayer percep-
tron followed by Bayesian estimation, with that obtained using
the decision rules developed in this paper. In order to train the
multilayer perceptron, we generate 6×105data samples. Each
sample belonging to classi∈{0,1,2}is generated by randomly
generating the elements ofX1according toUnif[0,0.5π]and
using the Jacobian matrixHi1to generate the measurements
Z1. An equal number of samples are generated for each class.
Two-thirds of the generated data is used for training a multi-
layer perceptron with one hidden layer consisting of 60 units
and one-third of the data is used for testing the accuracy. The
accuracy of the multilayer perceptron on the testing data is used
to estimate the error ratesαandβ. The average estimation cost
is determined by using the multilayer perceptron to identify the
correct topology over the space of measurementsZ1, followed
by using the estimator corresponding to the identified topology.
The degradation in the average estimation cost as compared to
the average estimation cost under outage prone setting, for this
detection-driven decoupled approach and the decision rules in
this paper is illustrated in Fig. 2. To generate the Bayesian es-
timates and posterior cost functions, we discretize the space of
measurements and evaluate the discretized pdfs. Given the dis-
cretized posterior pdf of the state vectorX1, the average CPU
time taken to evaluate its Bayesian estimate using a 3.2 GHz
Intel Core i5 based processor is 0.01243 seconds.
Note that by increasing the size of training data, the detec-
tion performance of multilayer perceptron can be further im-
proved. However, in order to compare the performance of our
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Fig. 2. Normalized estimation performance versusβforα=0.354.

decision rules with that of a detection-driven approach under
the same setting, we use the multilayer perceptron to design
a detector whose detection performance is comparable to the
detection constraints in our setting. As observed in Fig. 2, the
decision rules determined in this paper outperform a decoupled
detection-driven approach in terms of estimation performance.
This figure also compares the average and minimum cost terms
captured byqavgandqmin, where it is observed that both consis-
tently, and often substantially, outperform the worst-case cost,
corresponding to which the decision rules are optimized.
For the next experiment, we focus on areaS3. The state
parameters to be estimated in AreaS3are the phase angles
X3=[X6,X11,X12,X13]

T, whereXiis the phase angle at
nodei. We assume bus 6 to be the local reference bus and form
estimates at busses 11, 12 and 13. Under the baseline topology,
the Jacobian matrixH03is given by

H03=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 −1 0 0

1 0 −1 0

1 0 0 −1

0 0 1 −1

−1 0 2 −1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

and the relationship between the measurements in AreaS3,Z3
and the state parametersX3is given by

Z3=H
0
3X3+N3, (44)

whereZ3=[P6−11,P6−12,P6−13,P12−13,P12]
T, andX3=

[X6,X11,X12,X13]
T.N3is the additive noise component with

pdfN(0,σ2I5×5)withσ
2=0.05, andX11,X12andX13are

i.i.d with pdfUnif[0,0.5π]. We assume that the outage in the
branch 6–13 is the only possible outage event in AreaS3, which
occurs with probability1=0.4. The modified Jacobian matrix
under the outage event is

H13=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 −1 0 0

1 0 −1 0

0 0 0 0

0 0 1 −1

−1 0 2 −1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

Fig. 3. Normalized estimation performance versusβforα=0.158.

where the row 3 being zero indicates that there is no power flow
between bus 6 and bus 13 and the measurementP6−13consists
of only noise. To test the performance of the detection-driven
decoupled approach, we train a multilayer perceptron with one
hidden layer consisting of 20 hidden units to identify the cor-
rect topology, followed by Bayesian estimation. We generate
3×104samples of the measurementsZ3in a similar fashion as
described in the case for AreaS1. An equal number of samples
are generated for both classes. Two-third of the generated data is
used for training the multi perceptron network and one-third of
the generated data is used for testing the detection performance.
Given the discretized posterior pdf of the state vectorX3,the
average CPU time taken to evaluate its Bayesian estimate using
a 3.2 GHz Intel Core i5 based processor is 0.01496 seconds.
The degradation in the average estimation cost for the decou-
pled approach and the decision rules developed here is depicted
in Fig. 3. As observed in Fig. 3, the decision rules developed in
this paper outperform the decoupled detection-driven approach
in terms of estimation performance. Similarly to the observa-
tions in Fig. 2, in this figure, it is also observed thatqavgand
qminsubstantially outperform the worst-case cost.

B. Comparison with Residue-based Tests for Topology

Next, we compare the estimation performance of our decision
rules with that using residual analysis. Residual analysis can be
used to detect topology errors in the grid, as studied in [17], [20],
and [21]. Specifically, the error in topology can be modeled as

Ht=Hs+E, (45)

whereHtis the true Jacobian matrix,Hsis the assumed in-
correct Jacobian matrix andEis the Jacobian error matrix. The
residual vector for this setting is defined as

r Z−HsX̂ , (46)

whereX̂ =(HTsR
−1Hs)

−1HTsR
−1ZandRis the covariance

matrix of the measurement noise. It can be readily shown that
the residual vector is related to the vector of branch flow errors,
Fdue to the error in topology by

r=(I−Ke)MF, (47)

where Ke Hs(H
T
sR
−1Hs)

−1HTsR
−1, and M is

the measurement-to-branch incidence matrix. LetT=
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Fig. 4. A 4-bus model.

TABLE I
COMPARISON OF DOT PRODUCT OF COLUMNS OFTWITH THE RESIDUAL VECTOR

(I−Ke)M, then if branchjhas a topology error or outage,
thejthcolumn ofTwill be co-linear with the residual vector
r. This claim is borrowed from Section 8.6.1 in [17]. The
co-linearity can be measured by the dot product

cos(θj)=
TTj ·r

Tj r
, (48)

whereTjis thej
thcolumn ofT. The use ofcos(θj)as a metric to

identify the outage in branchjin the system is illustrated using
the power system in Fig. 4. Denoteηijas the cross product given
in (48) corresponding to branchi−jbetween busiand busj
in the system. The set of measurements for this bus system is
given byZ=[P1−2,P1−3,P1−4,P4−3,P2−3,P3]and the states
areX =[X1,X2,X3,X4]. Note that only the outage in line
1-3 is detectable using the residual based test used here. We
assume that bus 1 is the reference bus for this system, and
line1−3is prone to outage. 20000 samples of the elements of
the stateX =[X1,X2,X3,X4]are generated independently of
each other with uniform distributionUnif[0,0.5π]. Assuming
Hsto be the Jacobian matrix corresponding to the system shown
in Fig. 4 andH be the changed Jacobian matrix due to an
outage in line 1–3, these samples are used to generate two sets
of measurements:Zaccording toZ=HXandZsaccording
toZs=HsX, with no measurement noise included in any
sample. The average values ofηijfor all branchesi−jin the
system are summarized in Table I.
It can be readily concluded from Table I that the metricη13

can be used as a metric to identify line outage in branch1−3.
Denoteγas the threshold onη13, such that an outage in the
line1−3is declared ifη13>γ. Based on different values
ofγ, we can estimatePfaandPmd to develop an equivalent
setting to our decision model. After forming the decision on the
outage based on the residue test, we update the state estimate
according to the correct topology if the outage is deemed to
exist. For a fair comparison with the estimation quality from
our decision rules, we formulate the decision rules by setting the

constraintsαandβto bePfaandPmdobtained from the residue
test, respectively. Since only one outage is considered in the
nominal model, the total number of hypotheses is(p+1)=2.
The problemP(α, β)for this setting is given by

P(α, β)=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

minδ J̃(δ,X̂)

s.t. 1

1−0
Z

δ0(Z)f1(Z)dZ≤β

Z

δ1(Z)f0(Z)dZ≤α

.(49)

The optimal decision rules{δ0,δ1}are determined by finding a
solution toP(α, β)numerically using Algorithm 1. The specific
steps of Algorithm 1 for this setting are listed below:
1) Check the feasibility condition in Step 3. If the feasibility
condition is satisfied, proceed.

2) Evaluate the posterior estimation costs Ĉp,0(Z0)

andĈp,0(Z1)by discretizing the interval containing
Supp(Z0)andSupp(Z1), respectively.

3) Initializeu0andu1.
4) Setûto be the mean ofu0 andu1. Discretize a
(p+3)=4−dimensional simplex consisting of vectors

ŝuch that̂ 0andˆ1=1. Using all such vectorŝ,
determine the vectorMusing the steps 11–14. Updateu0
andu1according to the steps 15–20.

5) Repeat the previous step untilu0andu1converge suffi-
ciently.

6) The costP(α, β)is given byu1after the algorithm ter-
minates based on the convergence test in step 22.

We use an approximation of the average root mean squared
error (ARMSE) as the metric for comparing the two different
estimation performances. This is similar to the metric used in
[42] for comparing the performances of linear Bayesian esti-
mator and a weighted least squares estimator. ARMSE for an
estimatorX̂ ofX =[X1,...,Xn]is defined as

R(̂X)
1

n

n

k=1

E[|Xk−X̂k|
2]

1/2

. (50)

ARMSE can be approximated by computing the following met-
ric

R̂(̂X)
1

nT

T

t=1

||Xt−X̂
t
||2

1/2

, (51)

whereTis the number of Monte Carlo samples,Xtis the

state in thet-th sample andX̂
t
is the corresponding estimate.

DenoteR̂resandR̂optas the estimation metric corresponding
to the residue test and our decision rules, respectively. Table II
compares the estimation performance for both settings.
From Table II, it can be concluded that the decision rules

developed in this paper outperform a detection-driven approach
based on error residuals.

C. Application in the AC Model

Next, we apply our decision rules on IEEE 14-bus system
under an AC model. The internal measurements for the areas
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TABLE II
COMPARISON OFESTIMATIONPERFORMANCE FROMOPTIMAL

DECISIONRULES ANDHEURISTICAPPROACH

Fig. 5. Normalized estimation performance versusβforα=0.18.

Fig. 6. Normalized estimation performance versusβforα=0.2.

are given by

S1:{P1−2,Q1−2,P1−5,Q1−5,P2−5,Q2−5,P1,Q1},

S2:{P3−4,Q3−4,P4−7,Q4−7,P7−8,Q7−8},

S3:{P6−11,Q6−11,P6−12,Q6−12,P6−13,Q6−13,

P12−13,Q12−13,P12,Q!2},

S4:{P9−10,Q9−10,P9−14,Q9−14,P9,Q9},

wherePi−jis the real power flow measurement from busito
busj,Piis the real power injection measurement at busi,Qi−j
is the reactive power flow measurement from busito busj,Qi
is the reactive power injection measurement at busi. For each
area, the state parameters consist of the voltage magnitudes and
phase angles at the respective buses, and their relationship with
the measurements are established according to the AC power
flow model given in [17]. For areaS1, the state variables are
X =[V1,V2,V3,V4,X1,X2,X3,X4], whereViis the voltage
magnitude at busiandXiis the phase angle at busi. Similarly,
the state vector for areaS3can be defined. Assuming that all
the measurements are distributed according toUnif[0,0.3π]and

Fig. 7. Normalized estimation performance versusβforα=0.3.

Fig. 8. Normalized estimation performance versusβforα=0.15.

are affected by the measurement noise distributed according to
N(0,0.06), we evaluate the performance of our decision rules
for AreaS1under the possibility of outages in branch 1–5 and
2–5 and for AreaS3under the possibility of outage in line 6–13.
The degradation in average estimation cost for areasS1and

S3have been depicted in Fig. 5 and Fig. 6, respectively.

D. Application in the IEEE 118-Bus System

We illustrate the application of our decision rules on IEEE
118-bus system. We divide the bus system into 9 areas, as done
in [36], and evaluate the performance of our decision rules on
areas 5 and 8. Note that areas 5 and 8 are the two largest sub-
areas in the power system with respect to the number of internal
buses. We evaluate the performance for the DC model, however,
the application can be readily extended to an AC model as
illustrated previously. In area 5, we assume that at most one
line outage can occur, leading to 15 possible alternative models.
In area 8, we assume that at most one of the lines92−94,
94−96and80−96can experience an outage, leading to 3
possible alternative models. Given the discretized posterior pdf
of the state vector in Area 5, the average CPU time taken to
evaluate its Bayesian state estimate using a 3.2 GHz Intel Core i5
based processor is 0.03704 seconds. The corresponding time for
forming a Bayesian state estimate for Area 8 is 0.0349 seconds.
The degradation in average estimation cost for areas 5 and 8
have been depicted in Fig. 7 and Fig. 8, respectively.
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VI. CONCLUSION

In this paper, we have analyzed state estimation in power sys-
tems when there exists a chance that the system model undergoes
a change and deviates from the nominal model. Such deviations
can occur when the instantaneous network models are not fully
known, or the topology or model undergoes a change due to
a disruption or failure in the network. Motivated by the possi-
bility of such circumstances, we have provided a framework in
which the state estimator is co-designed with an optimal rule for
detecting a change in the model, and isolating the true model
from a group of alternative models. Closed-form expressions
for the decision rules and the state estimator are delineated,
where it is shown that these rules are inherently coupled. We
have evaluated the performance of this optimal framework with
those of the existing approaches that involve decoupling model
isolation and state estimation in the IEEE 14-bus system and
IEEE 118-bus system.

APPENDIXA
PROOF OFTHEOREM2

From (17) we have

Ji(δi,Ui)=E[C(X,Ui)|D=Hi] (52)

= Z X

δi(Z)C(X,Ui)fi(Z|X)π(X)dXdZ

Z

δi(Z)fi(Z)dZ

.

(53)

Using the definition ofCp,i(Ui|Z)from (6), a lower bound
onJi(δi,Ui)is given by

Ji(δi,Ui)=
Z

δi(Z)Cp,i(Ui|Z)fi(Z)dZ

Z

δi(Z)fi(Z)dZ

(54)

≥ Z

δi(Z)inf
U
Cp,i(Ui|Z)fi(Z)dZ

Z

δi(Z)fi(Z)dZ

, (55)

which implies that

Ji(δi,Ui)≥
Z

δi(Z)̂Cp,i(Z)fi(Z)dZ

Z

δi(Z)fi(Z)dZ

. (56)

Based on the definition ofX̂i(Z)provided in (8), this lower
bound is clearly achieved when the estimatorUiis chosen to be

X̂i(Z)=arginf
Ui
Cp,i(Ui|Z), (57)

which proves that the estimator characterized in (30) is an
optimal estimator that minimizes the costJi(δi,Ui).The

corresponding minimum average estimation cost is

J̃i(δi,̂Xi)=
Z

δi(Z)̂Cp,i(Z)fi(Z)dZ

Z

δi(Z)fi(Z)dZ

. (58)

Next, we prove that

max
i
min
U
{Ji(δi,Ui)}≡min

UUU
max
i
{Ji(δi,Ui)}. (59)

Recall from (18), the overall estimation costJ(δ,U)is

J(δ,U) = max
i
{Ji(δi,Ui)}.

DefineC(Ω,δ,U)as a convex function of{Ji(δi,Ui):i∈
{0,...,p}}, given by

C(Ω,δ,U)

p

i=0

ΩiJi(δi,Ui), (60)

whereΩ=[Ω0,...,Ωp], andΩisatisfy

p

i=0

Ωi=1,andΩi∈[0,1]. (61)

We can redefine J(δ,U)as a function ofC(Ω,δ,U)in the
following form

J(δ,U) = max
Ω
C(Ω,δ,U). (62)

LetΩ∗= Ω∗j:j=0,...,pbe defined as

Ω∗= arg max
Ω
C(Ω,δ,U), (63)

whereΩ∗j=1if

j= arg max
i
{Ji(δi,Ui)}. (64)

From (57) and (58), we observe that

max
Ω
min
U
C(Ω,δ,U) = max

Ω
C(Ω,δ,̂X) (65)

≥min
U
max
Ω
C(Ω,δ,U). (66)

Also, at the same time, we have

max
Ω
C(Ω,δ,U)≥max

Ω
min
U
C(Ω,δ,U), (67)

which implies that

min
U
max
Ω
C(Ω,δ,U)≥max

Ω
min
U
C(Ω,δ,U). (68)

From (65) and (68), it is easily concluded that

max
Ω
min
U
C(Ω,δ,U) = min

U
max
Ω
C(Ω,δ,U), (69)
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which completes the proof for (59). Using the results in (59)
and (58), the cost functionJ̃(δ,X̂)is given by

J̃(δ,X̂) = min
U
max
i
{Ji(δi,Ui)} (70)

= max
i
min
U
{Ji(δi,Ui)} (71)

= max
i
J̃i(δi,̂Xi) (72)

= max
i

⎧
⎪⎪⎨

⎪⎪⎩

Z

δi(Z)̂Cp,i(Z)fi(Z)dZ

Z

δi(Z)fi(Z)dZ

⎫
⎪⎪⎬

⎪⎪⎭

. (73)

APPENDIXB
PROOF OFTHEOREM3

The functionJi(δi,Ui)is a quasi-convex function inδi∈
[0,1]. To show this, letδ1iandδ

2
ibe two possible values ofδi

such thatδi=λδ
1
i+(1−λ)δ

2
ifor someλ∈[0,1]. Wehave

Ji(δi,Ui)=

Z X
(λδ1i(Z)+(1−λ)δ

2
i(Z))C(X,Ui)fi(Z|X)π(X)dXdZ

Z
(λδ1i(Z)+(1−λ)δ

2
i(Z))fi(Z)dZ

,

(74)

=

λ
Z X

δ1i(Z)C(X,Ui)fi(Z|X)π(X)dXdZ

λ
Z
δ1i(Z)fi(Z)dZ+(1−λ)

Z
δ2i(Z)fi(Z)dZ

+

(1−λ)
Z X

δ2i(Z)C(X,Ui)fi(Z|X)π(X)dXdZ

λ
Z
δ1i(Z)fi(Z)dZ+(1−λ)

Z
δ2i(Z)fi(Z)dZ

(75)

Note that, for anya, b, c, d >0,

a+b

c+d
≤max

a

c
,
b

d
. (76)

Therefore,

Ji(δi,Ui)≤max{Ji(δ
1
i,Ui),Ji(δ

2
i,Ui)}, (77)

which implies thatJi(δi,Ui)is quasiconvex inδi. Since the
weighted maximum function preserves the quasi-convexity, it
can be concluded thatJ̃i(δi,̂X)is a quasi-convex function from
its definition in (31). Therefore, we can find the solution to the
optimization problem in (27) by solving a sequence of feasibility
problems given below [43]. Foru∈R+, it is easily observed
that̃J(δ,X̂)≤uis a necessary and sufficient condition that for
alli∈{0,...,p}we have

Z

δi(Z)fi(Z)(̂Cp,i(Z)−u)dZ≤0. (78)

Hence, the feasibility problem that is equivalent to (27) is given
by

P̃(α, β)=
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

minδ u

s.t
Z

δi(Z)fi(Z)(̂Cp,i(Z)−u)dZ≤0,∀i

p
j=1

p
i=0,
i=j

j

1− 0
Z

δi(Z)fj(Z)dZ ≤β

p
i=1

Z

δi(Z)f0(Z)dZ≤α

.

(79)

Therefore, if the above problem is feasible for a givenu,theso-
lution to (27) satisfiesP(α, β)≤u. On the other hand, the non-
feasibility ofP̃(α, β)implies thatP(α, β)>u. Given an in-
terval[u0,u1]containingP̃(α, β), the optimum detection rules
δand optimum estimation costP̃(α, β)can be determined by
a bi-section search betweenu0andu1iteratively, where the
feasibility problem is solved in each iteration. The complete
procedure for the numerical search is described in Algorithm 1.
To solve the feasibility problem, we define an auxiliary convex
optimization problem

J(α, β, u)
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

minδ η

s.t
Z

δi(Z)fi(Z)(̂Cp,i(Z)−u)dZ≤η ∀i

p
j=1

p
i=0,
i=j

j

1− 0
Z

δi(Z)fj(Z)dZ ≤β+η

p
i=1

Z

δi(Z)f0(Z)dZ≤α+η

.

(80)

Note thatJ(α, β, u)≤0if and only ifP̃(α, β)is feasible.
Algorithm 1 summarizes the steps for determiningP̃(α, β).To
solve the problem in (80), a Lagrangian function is constructed

Q(δ,η,) 1−

p+2

i=0

i η

+

p

i=0

i
Z

δi(Z)fi(Z)(̂Cp,i(Z)−u)dZ

+ p+1

p

j=1

p

i=0,
i=j

j

1− 0 Z

δi(Z)fj(Z)dZ−β

+ p+2

p

i=1 Z

δi(Z)f0(Z)dZ−αp+2,

(81)



SIHAG AND TAJER: POWER SYSTEM STATE ESTIMATION UNDER MODEL UNCERTAINTY 605

where [0,...,p+2]are the non-negative Lagrangian mul-
tipliers selected to satisfy the constraints in (27), such that

p+2

i=0

i=1. (82)

The Lagrangian dual function is

L() = min
δ,η
Q(δ,η,) (83)

= min
δ

p

i=0 Z

δi(Z)AidZ−βp+1−αp+2, (84)

where

A0= 0f0(Z)(̂Cp,0(Z)−u)+p+1

p

i=1

i

1− 0
fi(Z),

(85)

and fori∈{1,...,p},

Ai= ifi(Z)(̂Cp,i(Z)−u)

+ p+1

p

j=1
j=i

j

1− 0
fj(Z)+p+2f0(Z). (86)

Therefore, the optimum detection rules that minimized()are
given by

δi(Z)=
1,fori=i∗

0,fori=i∗
, (87)

where

i∗= argmin
i∈{0,...,p}

Ai. (88)

Hence, the proof is concluded.
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