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Abstract—We propose novel coding and decoding methods for
a fully connected 𝐾-user Gaussian interference channel. Each
transmitter encodes its information into multiple layers and
transmits the superposition of those layers. Each receiver employs
a constrained partial group decoder (CPGD) that decodes its
designated message along with a part of the interference. In particular, each receiver performs a twofold task by first identifying
which interferers it should decode and then determining which
layers of them should be decoded. Determining the layers to
be decoded and decoding them are carried out in a successive
manner, where in each step a group of layers with a constraint on
its group size is identified and jointly decoded while the remaining
layers are treated as Gaussian noise. The decoded layers are then
subtracted from the received signal and the same procedure
is repeated for the remaining layers. We provide a distributed
algorithm, tailored to the nature of the interference channels,
that determines the transmission rate at each transmitter based
on some optimality measure and also finds the order of the
layers to be successively decoded at each receiver. We also
consider practical design of a system that employs the quadrature
amplitude modulations (QAM) and rateless codes. Numerical
results are provided on the achievable sum-rate under the ideal
case of Gaussian signaling with random codes as well as on
the system throughput under practical modulations and channel
codes. The results show that the proposed multi-layer coding
scheme with CPGD offers significant performance gain over the
traditional un-layered transmission with single-user decoding.
Index Terms—Interference channel, layered coding, constrained partial group decoding, rate allocation, distributed
algorithm, rateless code.

I. I NTRODUCTION

I

NTERFERENCE channel is a fundamental building block
of the wireless networks. Due to the ever-shrinking network sizes and the increasing demands for achieving higher
spectral efficiency, the emerging wireless networks operate in
an interference-limited regime. Motivated by such demands,
investigating different aspects of interference channel has
resulted in various recent developments for further understanding the fundamental limits of these channels [1], [2].
In the rich literature of interference channel it is wellunderstood that while a receiver is not ultimately interested
in decoding the messages of the interferers, decoding them
(fully or partially) is often advantageous for recovering its
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desired message [3]. Motivated by this premise some recent
developments for the 𝐾-user interference channels propose
that each receiver should partition the interfering transmitters
into two groups; one group to be fully decoded along with the
designated transmitter and the other to be treated as Gaussian
noise [4]–[6].
One major advantage of fully decoding a transmitter is that
it suffices to assign only one codebook to that transmitter,
which is appealing for practical purposes. One drawback of
such decoding, on the other hand, is that the receivers will give
up the freedom of decoding only a fraction of an interferer,
which in some instances can be more beneficial than fully
decoding it. In this paper we consider allocating more than
one codebook to each transmitter and provide the receivers
with the freedom of deciding about what interferers to decode
as well as determining what fraction of such interferers need
to be decoded.
Assigning multiple codebooks enables splitting the message
of each transmitter to multiple layers, each drawn from one
separate codebook. Such rate splitting can be seen as the
generalization of the Han-Kobayashi scheme [3] for the 2-user
interference channel, that splits the message of each transmitter into two layers. Splitting the messages into multiple
layers provides the receiver with the freedom of partially
decoding the interferers and consequently with the advantage
of sustaining reliable communication at higher rates. Attaining
such gains is at the cost of facing certain practical complexities
and obstacles. In particular when each transmitter has multiple
codebooks, each receiver has to identify the best subset of
the codebooks to be decoded, which can be computationally
prohibitive. Moreover, the interference channel is a distributed
system which might allow only very limited coordination
among different users, while multi-layer transmission schemes
and decoding the interference by receivers necessitates an
interplay among the design of the different transmitters and
receivers. Finally, as the transmitters need to be decodable
at multiple receivers designing the channel codes becomes
considerably more complicated.
In this paper we first introduce and discuss the notion of
constrained partial group decoder (CPGD) and then address
the challenges pertinent to its implementation. We discuss
these challenges through solving a fair rate allocation problem
for the 𝐾-user interference channel. Specifically, in the first
step we propose the so-called CPGD, and show that it can
solve the rate allocation problem in a computationally efficient
way and with limited coordination among different users. In
the second step we focus on designing a practical coding
scheme that can be used in conjunction with the proposed
CPGD structure.

c 2011 IEEE
0090-6778/11$25.00 ⃝

3060

IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 59, NO. 11, NOVEMBER 2011

The remainder of the paper is organized as follows. In
Section II, we describe the layered transmission model of the
𝐾-user interference channel and the CPGD. In Section III,
we formulate the rate allocation for CPGD and provide the
optimal solution. In Section IV, we develop a practical implementation of CPGD. In Section V, we present the rateless code
profile design for CPGD, and show the system throughput
performance using the optimized codes. Finally, Section VI
provides the concluding remarks.
II. S YSTEM D ESCRIPTIONS
A. Channel Model
Consider a fully connected 𝐾-user interference channel. We
denote the wireless channel from the 𝑗 𝑡ℎ transmitter to the
𝑖𝑡ℎ receiver by ℎ𝑖,𝑗 for 𝑖, 𝑗 ∈ {1, . . . , 𝐾}. We assume quasistatic block fading channels such that the channel coefficients
are fixed during the transmission of 𝑁 symbols and change
to some other independent states afterwards. By defining
𝑥𝑗 [𝑛] as the transmitted signal by the 𝑗 𝑡ℎ transmitter for
𝑛 ∈ {1, . . . , 𝑁 } the received signal by the 𝑖𝑡ℎ receiver is
given by
𝑦𝑖 [𝑛] =

𝐾
∑

ℎ𝑖,𝑗 𝑥𝑗 [𝑛] + 𝑣𝑖 [𝑛] ,

for 𝑖 ∈ {1, . . . , 𝐾} , (1)

𝑗=1

where 𝑣𝑖 [𝑛] ∼ 𝒩ℂ (0, 𝜎 2 ) accounts for the additive white
Gaussian noise (AWGN). The term ℎ𝑖,𝑖 𝑥𝑖 [𝑛] contains the intended signal for the 𝑖𝑡ℎ receiver and the remaining summands
constitute interference and noise. Also denote the transmission
△
power of all transmitters as 𝑃 = 𝔼(∣𝑥𝑗 [𝑛]∣2 ).
B. Layered Encoding
For allowing the receivers to decode the transmitters partially, the message of each transmitter is split into smaller
layers each drawn from an independent codebook (rate splitting). Let us denote the number of codebooks (layers) that
we allocate to transmitter 𝑗 by 𝐿𝑗 . Also denote the set
△
of codebooks of transmitter 𝑗 by 𝒞¯𝑗 = {𝒞𝑗,1 , . . . , 𝒞𝑗,𝐿𝑗 }
for 𝑗 = 1, . . . , 𝐾. By denoting the codeword drawn from
codebook 𝒞𝑗,𝑘 by 𝑥𝑗,𝑘 [𝑛] from (1) we obtain
𝑦𝑖 [𝑛] =

𝐾
∑
𝑗=1

ℎ𝑖,𝑗

𝐿𝑗
∑

𝑥𝑗,𝑘 [𝑛] + 𝑣𝑖 [𝑛] ,

for 𝑖 ∈ {1, . . . , 𝐾} .

𝑘=1

(2)
We adopt equal power allocation for all the layers 𝑥𝑗,𝑘 at the
transmitter 𝑗. By defining 𝑅𝑗,𝑘 and 𝑅𝑗 as rates of codebook
∑𝐿𝑗
𝑅𝑗,𝑘 .
𝒞𝑗,𝑘 and transmitter 𝑗, respectively, we have 𝑅𝑗 = 𝑘=1
We use (𝑗, 𝑘) to denote the index of codebook 𝒞𝑗,𝑘 for 1 ≤
𝑗 ≤ 𝐾 and 1 ≤ 𝑘 ≤ 𝐿𝑗 , and define 𝒦 as the set of all
such indices. For any set 𝒜 ⊆ 𝒦 we define the rate vector
△
𝑹𝒜 = [𝑅𝑗,𝑘 ](𝑗,𝑘)∈𝒜 . Throughout the paper all the rates are in
bits/sec/Hz and all the logarithms are in base 2
C. Constrained Partial Group Decoding (CPGD)
Motivated by the premise that decoding the interference
(fully or partially) along with the desired signal is sometimes
beneficial, we introduce the notion of constrained partial

group decoding. This principle has been the basis of many
developments in the rich literature on the interference channel. In particular, the Han-Kobayashi scheme for the 2-user
interference channel uses the rate splitting technique in order
to allow each receiver to decode a part of the message of the
interfering transmitter. In this paper we consider the general
𝐾-user interference channel for any arbitrary 𝐾 ≥ 2.
Upon determining what codebooks to be decoded at each
receiver, which hinges on the utility function that we seek to
optimize for the network, each receiver employs a successive
decoding procedure. In each stage a subset of the layers are
jointly decoded via the maximum likelihood (ML) decoding,
after subtracting the already decoded layers from the received
signal, and by treating the remaining layers as AWGN. In
order to control the complexity of ML decoding we constrain
the number of layers being jointly decoded at each stage to
be at most 𝜇.
△
=
We say that a given ordered partition 𝒬𝑖
{𝒬𝑖1 , . . . , 𝒬𝑖𝑝𝑖 , 𝒬𝑖𝑝𝑖 +1 } of 𝒦 (the set of the indices of
all codebooks) is valid if all the following conditions are
satisfied.
1) ∣𝒬𝑖𝑚 ∣ ≤ 𝜇 for 𝑚 ∈ {1, . . . , 𝑝𝑖 };
𝑖
2) All layers of transmitter 𝑖, i.e., {𝑥𝑖,𝑘 }𝐿
𝑘=1 , are included
in {𝒬𝑖1 , . . . , 𝒬𝑖𝑝𝑖 };
3) The rate vector 𝑹𝒬𝑖𝑚 is decodable at the 𝑚𝑡ℎ stage of
the successive decoding procedure for 𝑚 ∈ {1, . . . , 𝑝𝑖 }.
For a given valid partition 𝒬𝑖 of 𝒦, the 𝑖𝑡ℎ receiver decodes
the layers included in {𝒬𝑖1 , . . . , 𝒬𝑖𝑝𝑖 } successively in 𝑝𝑖 stages
while those in 𝒬𝑖𝑝𝑖 +1 are always treated as AWGN. More
specifically, in the 𝑚𝑡ℎ stage, the 𝑖𝑡ℎ receiver jointly decodes
the layers in 𝒬𝑖𝑚 by treating {𝒬𝑖𝑚+1 , . . . , 𝒬𝑖𝑝𝑖 +1 } as AWGN
and then subtracts the decoded messages in 𝒬𝑖𝑚 from the
received signal. The steps involved in the successive decoding
procedure for a given valid partition {𝒬𝑖1 , . . . , 𝒬𝑖𝑝𝑖 , 𝒬𝑖𝑝𝑖 +1 }
are as follows.
1) Initialize 𝑚 = 1.
2) Compute
𝑝𝑖+1

Σ𝑖𝑚 = 𝜎 2 +

∑

∑

𝑛=𝑚+1 (𝑗,𝑘)∈𝒬𝑖𝑛

∣ℎ𝑖,𝑗 ∣2 𝑃
,
𝐿𝑗

(3)

and jointly decode the layers in 𝒬𝑖𝑚 via ML decoding
assuming the AWGN variance
is Σ𝑖𝑚 .
∑
ˆ𝑗 where 𝑥
ˆ𝑗 is the
3) Update 𝑦𝑖 [𝑛] ← 𝑦𝑖 [𝑛] − 𝑗∈𝒬𝑖 ℎ𝑖,𝑗 𝑥
𝑚
decision made on 𝑥𝑗 for 𝑗 ∈ 𝒬𝑖𝑚 and update 𝑚 ←
𝑚 + 1.
4) If 𝑚 = 𝑝𝑖+1 stop and otherwise go to step 2.
Determining the optimal valid partition of 𝒦 and the corresponding rate vectors supported by such partition is the task
of the CPGD and is the subject of the next section. Whenever
we are not using Gaussian codebooks, decodable pertains to
the specific channel encoders and decoders deployed.
1) A Simple Example of CPGD: In Fig. 1, we show a
simple illustrative example of the proposed CPGD for an interference channel with four users, where users 1 and 3 contain
2 layers and users 2 and 4 contain one layer. The set of all
layers is given by {(1, 1), (1, 2), (2, 1), (3, 1), (3, 2), (4, 1)}.
We show the CPGD at the receiver of user 3, which aims
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△
˜ 𝑗,𝑘 ](𝑗,𝑘)∈𝒜
˜𝒜 =
[𝑅
set 𝒜 ⊆ 𝒦, we denote the rate vectors 𝑹

(1,1)

△

and 𝒓 𝒜 = [𝑟𝑗,𝑘 ](𝑗,𝑘)∈𝒜 .

(2,1)
(3,1)
(3,2)

Decode (2,1)
and (3,2)

(4,1)
3
1

Q

(3,1)

Decode (4,1)
and (1,2)

(3,1)

B. Optimal Partitions and Rates

Decode (3,1)

(4,1)

{(2,1), (3, 2)}

3
2

Q

{(4,1), (1, 2)}

three-stage successive
decoding

3
3

Q

{(3,1)}

3
4

Q

{(1,1)}

Receiver 3

Fig. 1. An simple illustrative example for constrained partial group decoding.

to decode layers (3, 1) and (3, 2). Shown in Fig. 1, layers
(2, 1) and (3, 2) are decoded in the first stage; layers (4, 1)
and (1, 2) are decoded in the second stage; and layer (3, 1)
is decoded in the third stage. After the three stages, layers
(3, 1) and (3, 2) are decoded and the decoding terminates. We
have 𝑝3 = 4, 𝒬31 = {(2, 1), (3, 2)}, 𝒬32 = {(4, 1), (1, 2)},
𝒬33 = {(3, 1)}, and 𝒬34 = {(1, 1)}.
III. R ATE A LLOCATION FOR CPGD
A. Problem Statement
Assume that the users in a 𝐾-user interference channel are
operating at some decodable rate vector 𝑹𝒦 = [𝑅𝑗,𝑘 ](𝑗,𝑘)∈𝒦 ,
where 𝑅𝑗,𝑘 is the rate of the 𝑘 𝑡ℎ layer of transmitter 𝑗. 𝑹𝒦
can be the rate vector achievable by some decoding scheme
inferior to the CPGD, e.g., the single-user decoders where all
interference is treated as noise. Employing CPGDs allows for
further incrementing the rate vector beyond 𝑹𝒦 . Such further
rate increment is of particular interest when they also satisfy
a fairness criterion. We consider maximizing the sum-rate of
the network such that the rates of all layers are incremented
equally, i.e.,
{
max 𝑥 ,
(4)
˜ 𝒦 = 𝑹𝒦 + 𝑥 ⋅ 11×𝐿 is decodable ,
s.t.
𝑹
∑𝐾
△
where 11×𝐿 = [1, . . . , 1] and 𝐿 = 𝑗=1 𝐿𝑗 . Note that maxi∑𝐾 ∑𝐿𝑗
mizing 𝑥 is equivalent to maximizing 𝑗=1 𝑘=1
(𝑅𝑗,𝑘 + 𝑥),
which is the sum-rate of the 𝐾-user interference channel. Parameter 𝑥 is an intermediate parameter that leverages solving
the fair sum-rate optimization problem of interest. The physical meaning of 𝑥 is the amount of change in the rate of each
codebook. Due to the imposed fairness constraint, we require
that the rates of all codebooks are incremented/decremented
equally and aim to maximize the sum-rate subject to this
fairness constraint. As will be made clear later, the number
of layers allocated to each transmitter depends on the strength
of the channel for that user, such that users with stronger
links are assigned more layers. Therefore, such freedom in
assigning different number of layers to the transmitters along
with incrementing the rates of all layers equally (as required
by (4)) has the advantage that it facilitates assigning higher
˜ 𝑗,𝑘
rates to the users with stronger links. Let us also define 𝑅
as the rate of the 𝑘 𝑡ℎ layer of the 𝑗 𝑡ℎ transmitter after solving
the above rate allocation problem and further define 𝑟𝑗,𝑘 as the
△
˜ 𝑗,𝑘 − 𝑅𝑗,𝑘 . For any
corresponding rate increment, i.e., 𝑟𝑗,𝑘 = 𝑅

We propose an algorithm for solving (4) when the receivers
employ CPGDs. The underlying motivation for the proposed
algorithms is to alleviate the complexities associated with
obtaining the best decodable set on one hand, and to control
the amount of information exchange among the users on the
other hand. The algorithm is comprised of two sub-routines:
the first one aims to find the optimal partition for each receiver
in a computationally efficient way and is executed locally
by each receiver (Algorithm 1); and the second combines
such local optimal solutions to solve the global fair sum-rate
optimization problem (Algorithm 2).
For any two disjoint sets 𝒰 and 𝒱 that are subsets of 𝒦, let
𝒞𝑖 (𝒰, 𝒱) denote the achievable rate region supported by the 𝑖𝑡ℎ
receiver for jointly decoding the layers in 𝒰 via ML decoding
while the layers {𝒦∖(𝒰 ∪ 𝒱)} have already been successfully
decoded and subtracted and those in 𝒱 are being treated as
AWGN. Let us denote the channel that conveys the layer 𝑥𝑗,𝑘
from the 𝑗 𝑡ℎ transmitter to the 𝑖𝑡ℎ receiver by ℎ𝑘𝑖,𝑗 , for which
we clearly have ℎ𝑘𝑖,𝑗 = ℎ𝑖,𝑗 for 𝑘 = 1, . . . , 𝐿𝑗 . Therefore,
𝒞𝑖 (𝒰, 𝒱) can be characterized as
{
}
∑
∣𝒰 ∣ 
𝑅𝑗 ≤ ℛ𝑖 (𝒟, 𝒱), ∀𝒟 ⊆ 𝒰 ,
𝒞𝑖 (𝒰, 𝒱) = 𝑹 ∈ ℝ+ 
𝑗∈𝒟
△

where upon defining 𝒉𝑖,𝒜 =

[√

𝑃
𝐿𝑗

𝒦, the rate ℛ𝑖 (𝒟, 𝒱) is given by
(
ℛ𝑖 (𝒟, 𝒱) = log2 1 +
The normalizing factor

√

𝑃
𝐿𝑗

ℎ𝑘𝑖,𝑗

]
(𝑗,𝑘)∈𝒜

∥𝒉𝑖,𝒟 ∥2
𝜎 2 + ∥𝒉𝑖,𝒱 ∥2

(5)
for any 𝒜 ⊆

)
.

(6)

is to reflect equal power cross the

layers of each transmitter. Let 𝒬𝑖 = {𝒬𝑖1 , . . . , 𝒬𝑖𝑝𝑖 , 𝒬𝑖𝑝𝑖 +1 } be
a valid partition of 𝒦. Based on this partition all layers 𝑥𝑖,𝑘
are decodable by the 𝑖𝑡ℎ receiver if
)
𝑖 +1
∀ 𝑚 ∈ {1, . . . , 𝑝𝑖 } :
𝑹𝒬𝑖𝑚 ∈ 𝒞𝑖 (𝒬𝑖𝑚 , ∪𝑝𝑗=𝑚+1
𝒬𝑖𝑗 . (7)
For the [𝑖𝑡ℎ receiver
and the valid partition 𝒬𝑖 , after setting
]
𝑖
𝒓 𝑖𝒬𝑖 = 𝑟(𝑗,𝑘)
, we define
𝑚

(𝑗,𝑘)∈𝒬𝑖𝑚

⎧
max


⎨ s.t.
𝑖 △
𝜃𝑖 (𝒬 ) =


⎩

𝑥,
𝑖
𝑟𝑗,𝑘
= 𝑥, ∀(𝑗, 𝑘) ∈ 𝒦,
)
𝑖 +1
˜
𝑹𝒬𝑖𝑚 = 𝑹𝒬𝑖𝑚 + 𝒓𝑖𝒬𝑖 ∈ 𝒞𝑖 (𝒬𝑖𝑚 , ∪𝑝𝑗=𝑚+1
𝒬𝑖𝑗 ,
𝑚
∀𝑚 ∈ {1, . . . , 𝑝𝑖 },
(8)

which suggests equal (fair) rate increment for all the layers
included in {𝒬𝑖1 , . . . , 𝒬𝑖𝑝𝑖 } such that they are all decodable
at the 𝑖𝑡ℎ receiver. There exists a delicate difference between
(4) and (8). (4) characterizes the network-wide fair sum-rate
optimization problem, whereas (8) solves the same problem
selfishly for each receiver, in the sense that each receiver
solves this problem with the purpose of maximizing the fair
sum-rate with decodabiliy guarantees only for itself. So each
receiver solves problem (8) locally and selfishly. Once all the
receivers have solved (8), they exchange some information,
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𝑖

through which they collaboratively solve (4). By defining 퓠̃
as the ensemble of all valid partitions 𝒬𝑖 , the maximum layer
rate increment with the fairness constraint from the viewpoint
of the 𝑖𝑡ℎ user is given by
△

𝜃𝑖∗ = max 𝜃𝑖 (𝒬𝑖 ) .
𝑖

(9)

𝒬𝑖 ∈퓠̃

Clearly, solving (9) through the naive exhaustive search over
all possible choices of 𝒬𝑖 has a prohibitive complexity. By
defining
∑
△
𝑅𝑗,𝑘 ,
(10)
Δ𝑖 (𝒟, 𝒱) = ℛ𝑖 (𝒟, 𝒱) −
(𝑗,𝑘)∈𝒟

for any disjoint arbitrary 𝒟, 𝒱 ⊆ 𝒦 we offer Algorithm 1
that yields two outputs for each receiver 𝑖 and avoids exhaustive search for obtaining the optimal valid partition 𝒬𝑖 that
solves (9) and also provides the corresponding optimal rate
increment.
For brevity and also for focusing the attention on the
more practical issues pertinent to the implementation of these
decoders, we describe the steps involved in Algorithm 1 and
provide their properties and skip the proofs. The proofs hold
essentially along the same line of arguments as those provided
in [5] and[7], albeit with significant differences. In contrast
to the rate allocation schemes in [5] and[7] that allocate one
codebook to each transmitter, we allocate multiple codebooks
to each transmitter, where the number of the codebooks is
determined by the strength of the channels corresponding to
that transmitter. Moreover, in [5] and[7] there is no constraint
on the size of the number of transmitters than can be jointly
decoded, which gives rise to a prohibitive complexity due to
ML decoding. In contrast, here we constrain the number of
layers to be decoded jointly by 𝜇 which is determined based
on the computational complexity level that the receivers can
afford.
It is noteworthy that the structure of Algorithm 1 rules
finding the ordered partitions 𝒬𝑖 = {𝒬𝑖1 , . . . , 𝒬𝑖𝑝𝑖 , 𝒬𝑖𝑝𝑖 +1 }, in
a reverse order, i.e., it first identifies 𝒬𝑖𝑝𝑖 +1 and 𝒬𝑖1 is the last
to be identified. 𝒬𝑖𝑝𝑖 +1 contains the indices of the layers that
will not be decoded in any stage of the successive decoding
procedure of the CPGD algorithm. 𝒬𝑖1 is the set of the indices
of the layers that will tolerate the least amount of increase in
their rates (subject to the fairness constraint). Subsequently,
after decoding the layers in 𝒬𝑖1 , among the remaining layers
in 𝒬𝑖2 become the set of the indices of the layers that will
tolerate the least amount of increase in their rates and the
same property holds for all other sets 𝒬𝑖3 , . . . , 𝒬𝑖𝑝𝑖 .
We remark that the complexity of Algorithm 1 is determined
by those of the optimization problems in lines 3 and 4. As the
size 𝜇 is controlled to be small, even an exhaustive search
for finding at most 𝜇 layers among the (at most) 𝐿 existing
layers will suffice to obtain a computationally efficient (of the
order at most 𝐿𝜇 ) way of solving these two problems. This
is contrary to the approaches in [5] and[7] that impose no
constraint on decoding size, for which the complexity of the
exhaustive search grows exponentially with ∣𝒦∣ and solving
them necessitates resorting to the submodular
∑𝐾 optimization
tools. Also the algorithm has at most 𝐿 = 𝑗=1 𝐿𝑗 iterations,

which consequently induced another level of computations
with linear complexity in 𝐿.
Algorithm 1 - The Optimal Valid Partition for the Receiver 𝑖

1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:

Initialize 𝒟 = 𝒦, 𝒢 = ∅, 𝑝𝑖 = 0 , and ℓ = 1
repeat
(𝒱,𝒢)
Find 𝛿ℓ = min𝒱∕=∅,𝒱⊆𝒟,∣𝒱∣≤𝜇 Δ𝑖∣𝒱∣
(𝒱,𝒢)
𝑖
Find 𝒢ℓ = arg min𝒱∕=∅,𝒱⊆𝒟,∣𝒱∣≤𝜇 Δ𝑖∣𝒱∣
𝑖
𝑖
𝒟 ← 𝒟∖𝒢ℓ and 𝒢 ← 𝒢 ∪ 𝒢ℓ
if (𝑖, 𝑘) ∈ 𝒟 for all 𝑘 ∈ {1, . . . , 𝐿𝑖 }
𝑖
𝑟˜𝑗,𝑘
= +∞ for all (𝑗, 𝑘) ∈ 𝒢ℓ𝑖
else
𝑖
= 𝛿ℓ for all (𝑗, 𝑘) ∈ 𝒢ℓ𝑖 , 𝑝𝑖 ← 𝑝𝑖 + 1
𝑟˜𝑗,𝑘
end if
ℓ←ℓ+1
until 𝒟 = ∅
𝑖
Set 𝒬𝑖𝑚 ← 𝒢ℓ−𝑚
for 1 ≤ 𝑚 ≤ 𝑝𝑖 , and
𝑖
𝒬𝑖𝑝𝑖 +1 ← ∪𝑚>𝑝𝑖 𝒢ℓ−𝑚
𝑖
Output the rates {˜
𝑟𝑗,𝑘
} for (𝑗, 𝑘) ∈ 𝒦 and the partitions
𝑖
𝑖
𝑖
𝒬 = {𝒬1 , . . . , 𝒬𝑝𝑖 , 𝒬𝑖𝑝𝑖 +1 }.

The main property of Algorithm 1 is formalized in the
following theorem. The intuition behind Algorithm 1 and
Theorem 1 is that it each receiver aims to identify the
best set of interfering codebooks to decode that yields the
highest sum-rate throughput. By focusing on each possible
set of codebooks, these codebooks constitute a multiple access
channel to the receiver. Therefore, the best set of codebooks is
the one whose corresponding multiple access channel sustains
a higher level of rate increment (or lower level of rate
decrement). A naive, and computationally complex approach
is the exhaustive search. Alternatively, each receiver employ a
successive decoding approach such that successively identifies
and discards the codebooks that removing them allows for further increasing the sum-rate. Such successive identification of
the codebooks resumes until discarding a codebook penalizes
the sum-rate.
Theorem 3.1: Algorithm 1 identifies the partition that max𝑖
imizes 𝜃𝑖 (𝒬𝑖 ) over all possible valid partitions 퓠̃ and obtains
𝜃𝑖∗ , i.e.,
{𝒬𝑖1 , . . . , 𝒬𝑖𝑝𝑖 +1 } = arg max 𝑖 𝜃𝑖 (𝒬𝑖 )
𝒬𝑖 ∈퓠̃

and

𝜃𝑖∗

𝑖

𝑖
= max 𝜃𝑖 (𝒬 ) = min 𝑟˜𝑗,𝑘
.
𝒬𝑖 ∈퓠̃

𝑖

(𝑗,𝑘)∈𝒦

(11)

Through Algorithm 1 each receiver identifies its best partition in a distributed way by performing some local processing
without any information exchange among different users. Such
local processing can interestingly lead to solving the fair sumrate optimization problem cast in (4) with limited information
exchange. For this purpose, the 𝑖𝑡ℎ receiver reports the scalar
𝜃𝑖∗ , which is obtained in Algorithm 1 and is related to the
maximum rate-increment possible for the 𝑖𝑡ℎ receiver, to all
other transmitters. The globally optimal rate increment is
obtained by Algorithm 2, which is simply the smallest rate
increment that all users suggest.
Theorem 1: The rate vector yielded by Algorithm 2 satisfies
ˆ 𝒦 , where 𝑹
ˆ 𝒦 is any decodable rate-vector such that
˜𝒦 ર 𝑹
𝑹
ˆ
𝑹𝒦 = 𝑹𝒦 + 𝑥 ⋅ 11×𝐿 for some 𝑥 ∈ ℝ.
According to Theorem 1, by running Algorithm 1 each
receiver specifies the best set of interferers to be decoded,
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which maximizes the sum-rate throughput. Given the different
sum-rate throughputs that different users can sustain based
on their local processing in Algorithm 1 and Theorem 1, the
network-wide optimal sum-rate throughput is determined by
the bottleneck user, which is the one that sustains the smallest
sum-rate throughput.

5.5
μ = 1, Algorithm 3
μ = 2, Algorithm 3
μ = 3, Algorithm 3
μ = 1, Algorithm 2
μ = 2, Algorithm 2
μ = 3, Algorithm 2

5

4.5

Sum−Rate

Algorithm 2 - Fair Rate Allocation
1: Input 𝑹 = [𝑅𝑗,𝑘 ](𝑗,𝑘)∈𝒦
2: for 𝑖 = 1, . . . , 𝐾 do
𝑖 } for (𝑗, 𝑘) ∈ 𝒦 and 𝒬𝑖
3:
Run Algorithm 1 to determine {˜
𝑟𝑗,𝑘
4: end for
𝑖 .
5: Obtain 𝜃 ∗ = min𝑖 𝜃𝑖∗ where 𝜃𝑖∗ = min(𝑗,𝑘)∈𝒦 𝑟˜𝑗,𝑘
∗
˜
6: Update 𝑅𝑗,𝑘 ← 𝑅𝑗,𝑘 + 𝜃 for (𝑗, 𝑘) ∈ 𝒦
˜ = [𝑅
˜ 𝑗,𝑘 ](𝑗,𝑘)∈𝒦
7: Output 𝑹
and the partitions {𝒬1 , . . . , 𝒬𝐾 }.
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4

3.5

3

2.5

2

C. Iterative Rate Allocation
Note that Algorithm 2 solves (4) by increasing the rate of
each layer by an amount of 𝜃∗ , which is the same for all layers.
As stated in [4], this strict notion of fairness will penalize the
system throughput in terms of the sum-rate. In this subsection,
we propose Algorithm 3 to further increase the rates of some
layers so that the sum-rate can be further increased.
In contrast to Algorithm 2, Algorithm 3 iteratively makes
a new rate increment recommendation for all layers based
on the allocated rates obtained from the previous iteration,
𝑖
for all receivers 𝑖 in a distributive manner. The
denoted as 𝑟𝑗,𝑘
𝑖
rate increment for the layer (𝑗, 𝑘) is 𝑟˜𝑗,𝑘 = min𝑖 𝑟˜𝑗,𝑘
which
ensures that all layers are decodable after each iteration of rate
increment recommendation. The following Theorem 2 shows
that for any layer the allocated rate vector from Algorithm 3
is larger than or equal to that from Algorithm 2.
Algorithm 3 - Iterative Rate Allocation
1: Input 𝑹 = [𝑅𝑗,𝑘 ](𝑗,𝑘)∈𝒦
2: repeat
3:
for 𝑖 = 1, . . . , 𝐾 do
𝑖 } for (𝑗, 𝑘) ∈ 𝒦 and 𝒬𝑖
4:
Run Algorithm 1 to determine {˜
𝑟𝑗,𝑘
5:
end for
𝑖
˜𝑗,𝑘
for (𝑗, 𝑘) ∈ 𝒦.
6:
Obtain 𝑟˜𝑗,𝑘 = min𝐾
𝑖=1 𝑟
˜
˜
˜
7:
Update 𝑅𝑗,𝑘 ← 𝑅𝑗,𝑘 + 𝑟˜𝑗,𝑘 for (𝑗, 𝑘) ∈ 𝒦, 𝑹 ← 𝑹
˜
8: until 𝑹 converges
˜ = [𝑅
˜ 𝑗,𝑘 ](𝑗,𝑘)∈𝒦 and the partitions {𝒬1 , . . . , 𝒬𝐾 }.
9: Output 𝑹

Theorem 2: Denote the output rate vector yielded by Al˜ 𝒦,2 and 𝑹
˜ 𝒦,3 , respectively. We have
gorithms 2 and 3 as 𝑹
˜
˜
𝑹𝒦,3 ર 𝑹𝒦,2 .
Remark: Algorithm 4 relaxes the rate constraint that the
rate increments of all layers are not restricted to the minimal
rate increment as recommended by Algorithm 2. Therefore, by
running Algorithm 4 the rate increments of all layers are larger
than or equal to those obtained from Algorithm 2. Based on
Theorem 2, Algorithm 3 is employed for the design of practical
coding scheme in the remainder of this paper.
D. Numerical Results
Consider a single-antenna interference channel with 𝐾 = 6
transceivers. For 𝑖, 𝑗 ∈ {1, . . . , 𝐾}, the channel coefficients
ℎ𝑖,𝑗 are distributed as 𝒩ℂ (0, 1). We run Algorithms 2 and 3

0
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8
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P/σ (dB)

Fig. 2. The sum-rate given by Algorithms 2 and 3 assuming Gaussian
signaling and infinite-length random codes.

to assess the performance of the proposed coding scheme for
Gaussian modulation and infinite-length random codes. The
initial rate 𝑹𝒦 is selected to be the rate vector achievable by
using single-user decoders that treat all interference as noise.
Fig. 2 shows the sum-rate obtained from Algorithms 2 and 3
for the un-layered coding scheme with the group size 𝜇 = 1, 2,
and 3. It is seen that the sum-rate obtained from Algorithm 3
is larger than that from Algorithm 2. In the remainder of this
paper, Algorithm 3 is employed to obtain all numerical and
simulation results.
Fig. 3 shows the performance of the layered coding scheme
with 𝜇 = 1 for different number of layers 𝐿𝑗 = 2, 5, 10, and
15 for all users. It is seen that the coding schemes with 𝐿𝑗 =
5 significantly outperform those with 𝐿𝑗 < 5, and further
increasing 𝐿𝑗 brings little performance gain over 𝐿𝑗 = 5.
Furthermore, we compare the sum-rate of users for different
group sizes 𝜇 = 1, 2, and 3, as illustrated in Fig. 4. For
the layered coding scheme, we set 𝐿𝑗 = 5 layers for all
users. At each channel SNR value 𝑃/𝜎 2 , one hundred channel
realizations are simulated and the average sum-rate is plotted
against the channel SNR. Also plotted is the performance
of the single-user decoding, denoted by “MMSE decoding”
(where “MMSE” stands for minimum mean square error). It
is seen that CPGD schemes exhibit significant performance
gains over the single-user decoding.
We have the following important observation from Fig. 4.
Without layering, an increase in the group size 𝜇 leads to an
increase in the sum-rate. Moreover, for a fixed group size,
the layered coding can indeed provide higher sum-rate than
the un-layered coding. More interestingly, it is seen that with
layering, when the group size 𝜇 = 1, there is a substantial
gain in sum-rate compared with the un-layered coding scheme,
and further increasing 𝜇 shows little performance gain over
𝜇 = 1. Hence, the layered coding scheme with the group size
𝜇 = 1 achieves a good tradeoff between the performance and
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Fig. 3. The sum-rate given by Algorithm 3 assuming Gaussian signaling
and infinite-length random codes for different number of layers.

complexity. It will be seen in the next section that this is also
the case when practical modulations and channel codes are
employed.
Remark: For 𝜇 = 1, the group selection in Algorithm 1 can
be simplified. In lines 3 and 4, given the selected layers 𝒢,
we find the optimal layer (𝑗 ∗ , 𝑘 ∗ ) as follows,
(𝑗 ∗ , 𝑘 ∗ ) =
=

arg min Δ𝑖 ((𝑗, 𝑘), 𝒢)
(𝑗,𝑘)∈𝒟
(
)
arg min ℛ𝑖 ((𝑗, 𝑘), 𝒢) − 𝑅𝑗,𝑘 , (12)
(𝑗,𝑘)∈𝒟

where the rate ℛ𝑖 ((𝑗, 𝑘), 𝒢) is given by
(
∥ℎ𝑖,𝑗 ∥2 )
𝑃
ℛ𝑖 ((𝑗, 𝑘), 𝒢) = log2 1 +
⋅ 2
,
𝐿𝑗 𝜎 + ∥𝒉𝑖,𝒢 ∥2

(13)

and the rate increment is given by
𝛿ℓ = arg min Δ𝑖 ((𝑗, 𝑘), 𝒢) .
(𝑗,𝑘)∈𝒟

(14)

Thus both steps involve linear search over the set 𝒟, whose
cardinality, in the worst case, is equal to the total number of
layers 𝐿. The same will hold true when practical modulations
and channel codes are employed.
IV. P RACTICAL T RANSMISSION S CHEME
The rate increment solutions obtained through the CPGD
procedure in Algorithms 1 and 3 are not necessarily viable
in practice. There are two major challenges involved. First in
characterizing the rate regions in (5) and the achievable rates
in (6) it is implicitly assumed that the codewords are drawn
from Gaussian codebooks and we have ideal infinite-length
random codes for achieving these rates. In practice, however,
there is always a gap between the ideal Gaussian rates and the
rates achieved by practical modulation and coding schemes,

Fig. 4.
The sum-rate given by Algorithm 3 assuming Gaussian
signaling and infinite-length random codes.

that we aim to minimize. More specifically, for practical rate
allocation the rate ℛ𝑖 (𝒟, 𝒱) is given by
(
)
∥𝒉𝑖,𝒟 ∥2
,
(15)
ℛ𝑖 (𝒟, 𝒱) = log2 1 + 𝛾 2
𝜎 + ∥𝒉𝑖,𝒱 ∥2
where 𝛾 denotes the gap between the Gaussian modulation
with infinite-length random codes and the practical QAM with
finite-length codes. The other challenge is that, in contrast
to the output rates of Algorithm 3 which can be set arbitrarily such that the system needs to perform online channel
code construction which incurs unacceptable computational
complexity, in practical transmission the channel codes are
constructed offline and only a finite number of channel codes
can be stored and selected according to current channel
realizations.
A. Rate Selection Procedure
To address these challenges, we carry out a three-step
procedure that selects a transmission rate for each user and
its layers. In the first step, we examine whether all users can
operate at rates well above zero that can be implemented in
practice. In case there exist users that can operate only at
very low rates we inactivate them. Then we determine how
many layers each active transmitter should have. Subsequently,
based on the number of layers obtained for each transmitter,
by running Algorithm 3 we determine the rates for the layers
of each transmitter, and inactivate the layers which operate
at very low rates. In the second step, in order to find some
implementable rates close to those yielded by Algorithm 3 we
quantize the rates according to a quantization codebook that
satisfies some optimality measure. These quantized rates are
subsequently considered as coarse approximations for possible
practical rates. As the quantized rates must be decodable,
each quantized rate is smaller than its original counterpart
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which incurs some loss in spectral efficiency. In the final step,
we compensate for such loss, through devising a fine tuning
scheme for increasing the rates beyond their quantized values
and make them as close as possible to the original rates yielded
by Algorithm 3 while being also practical.
We employ a table of spectrum rate 𝒯 = {𝑑1 , ..., 𝑑𝑇 } for
the user and layer inactivation in the first step and the rate
quantization in the second step. Each element 𝑑𝑗 ∈ 𝒯 is associated with a pre-designed channel code with 𝑁 𝑑𝑗 information
bits and a pre-designed modulation scheme which maps the
coded bits to channel symbols. In the user (layer) inactivation,
the users (layers) with allocated rates smaller than 𝑑1 will be
inactivated. If the rate of a layer is quantized to the rate 𝑑𝑗 for
some 1 ≤ 𝑗 ≤ 𝑇 , then we employ a codebook with the number
of information bits 𝑁 𝑑𝑗 and the corresponding modulation
scheme for that layer. To achieve the rate enhancement in
the final step, we choose the number of transmitted symbols
smaller than 𝑁 while keeping the number of information bits
𝑁 𝑑𝑗 unchanged. The rate enhancement could also be done by
increasing the number of information bits for each layer while
keeping the number of transmitted symbols unchanged. However, for a practical capacity-approaching codebook, changing
the number of coded bits flexibly without regenerating the
codebook can be achieved using rateless codes, while there
is no practical capacity-approaching codebook which allows
changing the number of information bits flexibly.
1) User Inactivation and Message Layering: For initializing the rate allocation procedure we start off with assigning
one codebook to each transmitter, i.e., ∀𝑗 we have 𝐿𝑗 = 1.
˜ 𝑗 < 𝑑1 .
We run Algorithm 3 and inactivate user 𝑗 for which 𝑅
Let us denote the set of users retained as active users by
ℋ ⊆ {1, . . . , 𝐾}. By inactivating some users, the rest are
exposed to less interference and can possibly sustain higher
rates. For this reason, after inactivating the users with rates
smaller than 𝑑1 we run Algorithm 3 again to obtain the new
set of rate increment suggestions for all active users, denoted
˜ (1) }𝑗∈ℋ .
as {𝑅
𝑗
˜ (1) }𝑗∈ℋ we decide how many
Now based on the rates {𝑅
𝑗
codebooks should be assigned to each transmitter as follows,
∀𝑗 ∈ ℋ :

⌋}
{ ⌊𝑅
˜ (1)
𝑗
+ 0.5 ,
𝐿𝑗 = max 1,
Δ𝑅

(16)

where Δ𝑅 is the unit rate to be sustained by each codebook.
Given the number of layers, we can now assign multiple
codebooks to each active transmitter and implement the CPGD
in order to find the new rate for each layer by running
Algorithm 3. Let us denote the rate of the 𝑘 𝑡ℎ layer of the
˜ (2) . It is possible that the rates
active transmitter 𝑗 ∈ ℋ by 𝑅
𝑗,𝑘
of some layers are not large enough to be implementable.
We then inactivate the layers with rates smaller than 𝑑1 , and
update the number of layers 𝐿𝑗 by the number of layers with
rates larger than 𝑑1 , i.e.,
𝐿𝑗 ←

𝐿𝑗
∑
𝑘=1

1{𝑅˜ (2) ≥𝑑1 } , 1 ≤ 𝑗 ≤ 𝐾.
𝑗,𝑘

(17)

Based on the updated number of layers 𝐿𝑗 , we run Algo˜ (3) for all layers. We
rithm 3 again to compute the rates 𝑅
𝑗,𝑘
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define
(3)
=
𝑅sum

𝐿𝑗
𝐾 ∑
∑
𝑗=1 𝑘=1

˜ (3) ⋅ 1 ˜ (3)
𝑅
.
𝑗,𝑘
{𝑅 ≥𝑑1 }
𝑗,𝑘

(18)

∑
(3)
(1)
˜ (1) . If the layered
We compare 𝑅sum with 𝑅sum = 𝑗∈ℋ 𝑅
𝑗
(3)
(1)
scheme provides larger rate, i.e., 𝑅sum > 𝑅sum , we employ
the layered scheme; otherwise we employ the un-layered
scheme. Hence we have the following sum rate
{
}
(3)
(3)
(1)
˜ sum
𝑅
= max 𝑅sum
, 𝑅sum
.

(19)

2) Rate Quantization and Modulation Selection (Coarse
¯ 𝑗,𝑘 for the layer
Tuning): Assume that we get the rate 𝑅
(𝑗, 𝑘) after the message layering and the rate allocation for
¯ 𝑗,𝑘 to a pre-designed
each layer. Now we map the rate 𝑅
channel node and modulation scheme associated with some
ˆ 𝑗,𝑘 ∈ 𝒯 = {𝑑1 , . . . , 𝑑𝑇 } as follows,
𝑅
ˆ 𝑗,𝑘 =
𝑅

max

¯ 𝑗,𝑘
𝑑𝑞 ∈𝒯 ,𝑑𝑞 ≤𝑅

𝑑𝑞 ,

(20)

ˆ 𝑗,𝑘 information bits and
and employ the channel code with 𝑁 𝑅
the corresponding modulation scheme which maps 𝑚𝑗,𝑘 coded
bits to one symbol. To encode the layer (𝑗, 𝑘), we encode the
ˆ 𝑗,𝑘 information bits to 𝑁 𝑚
𝑁𝑅
ˆ 𝑗,𝑘 coded bits, and map those
coded bits to 𝑁 channel symbols.
The modulation scheme is selected from 4-, 16-, and 64QAMs according to the rules in Table I. Let us explain the
rules in Table I. Note that for the 4-, 16- and 64-QAMs,
the capacity of bit-interleaved coded modulation with Gray
mapping well approximates that of the coded modulation, and
the capacity of coded modulation well approximates that of
Gaussian modulation when the spectral efficiency is below 1,
2, and 3 bits per channel use, respectively [8]. Therefore in
Table I, when 𝜇 = 1, for 𝑑𝑗 ≤ 1.0 we associate it with 4QAM, for 1.0 ≤ 𝑑𝑗 ≤ 2.0 we associate it with 16-QAM, and
for 𝑑𝑗 ≥ 2.0 we associate it with 64-QAM. For controlling the
complexity of the ML decoders, we constrain the number of
layers to be decoded jointly in each iteration of the successive
decoder of Algorithm 1 to be 𝜇 ≤ 3. For controlling the
demodulation complexity when 𝜇 = 3, i.e., three users can
be jointly decoded, all users can employ only 4-QAM. For
the same reason, for 𝜇 = 2, all users only employ 4- and 16QAMs, and the joint decoding of two users both employing
16-QAM is not allowed, since it incurs large complexity to
the 2-user a posteriori probability (APP) detector.
For 𝜇 = 2, we provide a post-processing procedure (Algorithm 4) to avoid the joint decoding of two users (layers) both
employing 16-QAM. For a decoding group 𝒬𝑖ℓ with ∣𝒬𝑖ℓ ∣ = 2,
if both layers employs 16-QAM, we change the rate of smaller
one to 4-QAM. The post-processing procedure is detailed in
Algorithm 4.
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TABLE I
M ODULATION S CHEMES FOR D IFFERENT R ATE VALUES
Group Size
1
2
3

𝑑𝑗 ≤ 1
4-QAM
4-QAM
4-QAM

1 ≤ 𝑑𝑗 ≤ 2
16-QAM
16-QAM
4-QAM

Algorithm 4 - Rate Post-processing for 𝜇 = 2

1:
2:
3:
4:
5:
6:
7:
8:
9:

for 𝑖 ∈ ℋ and 𝒬 ∈ {𝒬𝑖ℓ }1≤ℓ≤𝑝𝑖 ;
if ∣𝒬 = {(𝑗1 , 𝑘1 ), (𝑗2 , 𝑘2 )}∣ = 2
ˆ 𝑗 ,𝑘 > 1.0, 𝑅
ˆ 𝑗 ,𝑘 > 1.0
and 𝑅
1 1
2 2
ˆ
ˆ
if 𝑅𝑗1 ,𝑘1 < 𝑅𝑗2 ,𝑘2
ˆ 𝑗 ,𝑘 ← max𝑑𝑞 ∈𝒯 ,𝑑𝑞 ≤1.0 𝑑𝑞
Let 𝑅
1 1
else
ˆ 𝑗 ,𝑘 ← max𝑑𝑞 ∈𝒯 ,𝑑𝑞 ≤1.0 𝑑𝑞
Let 𝑅
2 2
end if
end if
end for

3) Rate Enhancement (Fine Tuning): Recall that after rate
quantization, there is a reduction in the rates of layers. Such
reduction incurs a loss in terms of the spectral efficiency of
the network. To compensate for such loss, we boost each rate
ˆ 𝑗,𝑘 to 𝜂 ⋅ 𝑅
ˆ 𝑗,𝑘 . We
by a factor 𝜂, scaling up the quantized rate 𝑅
need to determine the largest possible 𝜂 denoted as 𝜂 ∗ , such
that the new scaled rates do not violate the Shannon limits.
For each subset 𝒰 ⊆ 𝒬𝑖𝑚 let us define the sum-rates
(
)
∥𝒉𝑖,𝒰 ∥2
sum
𝑅𝑖,𝑚
(𝒰) = log2 1 + 𝛾 2
𝜎 + ∥𝒉𝑖,𝒱 ∥2
∑
ˆ sum (𝒰) =
ˆ 𝑗,𝑘 ,
𝑅
(21)
and 𝑅
𝑖,𝑚
(𝑗,𝑘)∈𝒰
𝑝

𝑖+1
sum
where 𝒱 = ∪𝑗=𝑚+1
𝒬𝑖𝑗 . Given the subset 𝒰 of 𝒬𝑖𝑚 , 𝑅𝑖,𝑚
(𝒰)
is Shannon limit of the sum-rate of the layers in 𝒰, where
the parameter 𝛾 is incorporated to account for the loss due
ˆ sum (𝒰)
to practical constellation and coding schemes, and 𝑅
𝑖,𝑚
is the sum of the quantized rates of the same layers obtained
ˆ 𝑗,𝑘 can be increased to
in Section IV-A2. For 𝒬𝑖𝑚 , the rates 𝑅
𝑖
ˆ
𝜂𝑖,𝑚 ⋅ 𝑅𝑗,𝑘 for (𝑗, 𝑘) ∈ 𝒬𝑚 where 𝜂𝑖,𝑚 is given by

𝜂𝑖,𝑚 = min𝑖

𝒰 ⊆𝒬𝑚

sum
𝑅𝑖,𝑚
(𝒰)
.
sum
ˆ
𝑅 (𝒰)

(22)

𝑖,𝑚

ˆ 𝑖,𝑘 } can be
Based on these definitions, the quantized rates {𝑅
∗ ˆ sum
increased as much as the scaled sum-rate 𝜂 ⋅ 𝑅𝑖,𝑚 does not
sum
exceed its limit 𝑅𝑖,𝑚
for all 𝑖, 𝑚, where
𝜂 ∗ = min 𝜂𝑖,𝑚 = min min𝑖
𝑖,𝑚

𝑖,𝑚 𝒰 ⊆𝒬𝑚

sum
𝑅𝑖,𝑚
(𝒰)
.
sum
ˆ
𝑅 (𝒰)

(23)

𝑖,𝑚

After the above three steps, the transmission data is assembled as follows. For the layer (𝑗, 𝑘), we choose the predesigned channel code with the number of information bits
ˆ 𝑗,𝑘 , encode those information bits to 𝑁 𝑚𝑗,𝑘 coded bits
𝑁𝑅
using the rateless codes to be optimized in Section V, and
map these coded bits to 𝑁 symbols. The rate enhancement is
implemented via transmitting
𝑁𝑠 = Δ𝑁 ⋅ ⌈

𝑁
⌉
𝜂 ∗ Δ𝑁

(24)

2 < 𝑑𝑗
64-QAM
16-QAM
4-QAM

Symbol Mapping
Gray mapping
Natural mapping
Natural mapping

symbols, where Δ𝑁 is the number of symbols in each
transmission burst.
Remark: In real transmission, the role of fine tuning is to
set up a starting point after which the receiver is allowed
to perform decoding and sending feedback. Doing so significantly reduces the feedback load compared to the transmission
scheme in which the receivers begin decoding and sending
feedback from the beginning of the transmission after each
transmission burst of Δ𝑁 symbols.
4) An Illustrative Example of the Proposed Coding Scheme:
In Fig. 5 we show an illustrative example for the procedure of
the proposed coding scheme in an interference channel with
four users. Let the spectrum rate table 𝒯 = {𝑑1 , 𝑑2 , 𝑑3 , 𝑑4 }.
After the user inactivation and message layering based on the
threshold rate 𝑑1 , user 2 is inactivated and users 1 and 3 are
divided into 2 layers. In the rate quantization and modulation
selection, the rates of the five layers (1, 1), (1, 2), (3, 1),
(3, 2), and (4, 1) are quantized to be 𝑑1 , 𝑑2 , 𝑑3 , 𝑑1 , and 𝑑4 ,
respectively, i.e., the number of information bits assigned to
these layers are 𝑁 𝑑1 , 𝑁 𝑑2 , 𝑁 𝑑3 , 𝑁 𝑑1 , and 𝑁 𝑑4 , respectively,
where 𝑁 is the nominal number of transmitted symbols. In
the rate enhancement, the number of transmitted symbols is
decreased to 𝜂 ∗ 𝑁 for some 𝜂 ∗ < 1, and thus the rate of the
five layers are enhanced to 𝑑1 /𝜂 ∗ , 𝑑2 /𝜂 ∗ , 𝑑3 /𝜂 ∗ , 𝑑1 /𝜂 ∗ , and
𝑑4 /𝜂 ∗ , respectively.
The optimization of the table can be done in two steps. In
the first step, we optimize 𝑑1 based on the user inactivation
and message layering, to maximize the sum rate of all layers;
and in the second step, we optimize the remaining rates 𝑑2 ,
𝑑3 , and 𝑑4 based on optimal scalar quantization, to minimize
the rate loss due to the rate quantization. The design of the
rate table 𝒯 is addressed in the next subsection.
B. Parameter Design
In this section, we design the rate table 𝒯 . In contrast to
the above rate selection procedure which is performed online
according to each channel realization, designing the rate table
𝒯 is done offline for the ensemble of channel realizations
considered. We collect enough samples of channel realizations
as a large training set, and design the rate table 𝒯 according
to the training set. Assume that all elements 𝑑𝑞 in 𝒯 belongs
to some candidate set 𝒱 = {𝑣1 , . . . , 𝑣𝑆 }, and we set 𝑣0 = 0
and 𝑣𝑆+1 = +∞.
As we can see, given the channel realization, the sum-rate
(3)
˜ sum
𝑅
in (19) is a function of the threshold rate 𝑑1 , denoted
(3)
˜ sum
(𝑑1 ). Let
as 𝑅
[
]
△
¯ (3) (𝑑1 ) =
˜ (3) (𝑑1 ) ,
𝑅
𝔼 𝑅
(25)
sum
sum
where the expectation is over the ensemble of channel real(3)
˜ sum
(𝑑1 ) based
izations, which is computed as the averaged 𝑅
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Fig. 5.

An simple illustrative example for the proposed coding scheme.

on all channel realizations in the training set. We select 𝑑1 as
follows,
{
𝑑1 =

max𝑢∈𝒱
s.t.

𝑢,
(3)
(3)
¯ sum
¯ sum
(𝑢) ≥ max𝑣∈𝑉 𝑅
(𝑣) − 𝜖
𝑅

(26)
where 𝜖 is to avoid the extreme low rate of 𝑑1 when
(3)
¯ sum
arg max𝑣 𝑅
(𝑣) is very small.
In the next step we find the optimal quantized rates 𝑑2 ,
𝑑3 , ...,𝑑𝑇 to minimize the rate loss due to the quantization
operation (20). Based on the optimal 𝑑1 from (26), we run
the user inactivation and message layering for all the channel
realizations in the training data set, and get the empirical
¯ 𝑗,𝑘 (unquantized version) for each
distribution of the rate 𝑅
¯ 𝑗,𝑘 that fall
layer (𝑗, 𝑘). Let 𝑝𝑞 be the fraction of rates 𝑅
into the interval [𝑣𝑞−1 , 𝑣𝑞 ) for 𝑞 ∈ {1, . . . , 𝑆 + 1}. For any
two consecutive quantization levels 𝑑𝑞 and 𝑑𝑞+1 we define
𝐷(𝑑𝑞 , 𝑑𝑞+1 ) as the rate distortion due to quantizing the rates
that lie in the interval [𝑑𝑞 , 𝑑𝑞+1 ). As 𝑑𝑞 and 𝑑𝑞+1 are to
be selected from 𝒱, then ∃ 𝑚 < 𝑛 ∈ {1, . . . , 𝑆} such
that 𝑑𝑞 = 𝑣𝑚 and 𝑑𝑞+1 = 𝑣𝑛 . Therefore, the distortion of
interest is the weighted sum of the distortions over the intervals
[𝑣𝑚 , 𝑣𝑚+1 ) , . . . , [𝑣𝑛−1 , 𝑣𝑛 ), i.e.,
𝐷(𝑑𝑞 , 𝑑𝑞+1 ) =

∑

(𝑣𝑖 − 𝑑𝑞 )𝑝𝑖 .

𝑖: 𝑑𝑞 <𝑣𝑖 <𝑑𝑞+1

Then given 𝑑1 obtained from (26), we design the rest of 𝒯

by solving the following optimization problem,
{
∑𝑇
max{𝑑2 ,...,𝑑𝑇 }⊂𝒱
𝑞=1 𝐷(𝑑𝑞 , 𝑑𝑞+1 ) ,
s.t.
𝑑1 < 𝑑2 < ⋅ ⋅ ⋅ < 𝑑𝑇 < 𝑑𝑇 +1 = +∞.
(27)
This problem can be solved using a dynamic programming
approach as the distortion function can be solved recursively
in 𝑇 stages where the optimal solution of each stage does not
affect the optimal solution of later stages.
C. Numerical Results
We consider the same scenario as that in Section III-D.
Assume that the size of the rate quantization table is ∣𝒯 ∣ = 4.
From the code profile optimization results, we have 𝛾 = 0.63
for 𝜇 = 1, 𝛾 = 0.45 for 𝜇 = 2. We set 𝛾 = 0.45 for 𝜇 = 3,
which is an upper bound for the error free decoding, since
we need to ensure the error-free decoding of any two users
among the three.
We choose the maximum group size 𝜇 based on the sum(3)
¯ 𝑠𝑢𝑚
according to (25). Let the set of candidates 𝒱 =
rate 𝑅
{0.001, 0.002, 0.003, ..., 4.000}. In Fig. 6, we plot the sum(3)
¯ sum
rates 𝑅
(𝑑1 ) for 𝜇 = 1, 2 and 3 and the cutoff rate 𝑑1 from
0.0 to 0.9 with and without layering. The average sum-rates
(3)
¯ sum
𝑅
(𝑑1 ) are computed for the SNR from 0dB to 9dB each
with 1000 random channel realizations. It can be seen that
(3)
¯ sum
(𝑑1 ), the
at the optimum cutoff rate which maximizes 𝑅
coding schemes for 𝜇 = 1 outperform those for 𝜇 = 2 and 3.
Next we optimize the rate quantization table 𝒯 according to
(27) in Section IV-B. The optimum cutoff rates 𝑑1 are 0.45 and
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Fig. 6. The averaged sum-rate 𝑅
(𝑑1 ) for different cutoff rate 𝑑1 .

0.60 for the layered and un-layered coding schemes with 𝜇 =
1. We have that for 𝜇 = 1, 𝒯 = {0.45, 1.08, 1.87, 2.80} for
the layered coding scheme and 𝒯 = {0.60, 1.28, 2.02, 2.88}
for the un-layered coding scheme. We also optimize the rate
quantization table 𝒯 for 𝜇 = 2 and 𝜇 = 3 with and without
layering. Fig. 7 shows the sum quantized rates with and without the fine turning for different coding schemes with group
size 𝜇 = 1 and 2. It is seen that the layered coding scheme
significantly outperforms the un-layered scheme. Moreover,
the layered scheme with 𝜇 = 1 performs the best among
all the schemes. This is because for 𝜇 = 1 the performance
gap (𝛾 = 0.63) is significantly smaller than that for 𝜇 = 2
(𝛾 = 0.45). It is also seen that the fine tuning offers a rate
enhancement about 20%. For the coding schemes with 𝜇 = 3,
with and without layering, we observe that they perform
worse than 𝜇 = 1, and the fine tuning offers significant rate
enhancement.
V. R ATELESS C ODE D ESIGN
A. Transmission Using Raptor Codes
We employ the Raptor code, which is a concatenated code
with an inner LT code and an outer linear code, to implement
the rateless codebook. In particular, we use the doped Raptor
code [9], [10] with a rate-0.95 IRA precode. The reason we
employ the Raptor code is as follows. Firstly, it exhibits nearcapacity performance for both the single-user channel and the
two-user multiple-access channel. Secondly, the flexible online
fine tuning can be easily implemented by fixing the precode
and adjusting the number of LT coded bits.
ˆ 𝑗,𝑘 information
For layer (𝑗, 𝑘), we first encode the 𝑁 𝑅
bits using a rate-0.95 IRA precode, and then perform the
LT encoding to generate 𝑚𝑗,𝑘 𝑁𝑠 coded bits (𝑁𝑠 symbols). It
may happen that the decoding of some layer based on the 𝑁𝑠
received symbols fails. In this case, we perform an incremental
transmission where each time each layer transmits additional

Fig. 7. The optimal predicted sum-rate under practical modulation
and coding schemes.

Δ𝑁 parity symbols, until successful decoding. In most cases
the decoding succeeds after transmitting 𝑁𝑠 symbols; and
even if the incremental transmission happens, usually only
one additional burst of Δ𝑁 symbols suffices.
In the remainder of this section we design the code profiles
to increase the parameter 𝛾 in (21) and reduce the loss
in spectral efficiency due to the practical code design. We
consider the code profile design for 𝜇 = 1 and 𝜇 = 2.
B. Code Design for 𝜇 = 1
Since each time one user is decoded, we only need to
consider the code profile optimization for the single-user
AWGN channel.
1) Code Profile Optimization: When ∣𝒬𝑖𝑚 ∣ = 1, only one
layer is decoded by the 𝑖𝑡ℎ receiver. Therefore, the employed
profile should perform well for the single-user channel over
a wide range of code rates. We find a profile that minimizes the maximum gap between the profile threshold and
the capacity yielded by Gaussian signaling among the rates
ℛ0 = {0.2, 0.3, 0.4, 0.5}. For each code rate 𝑟 ∈ ℛ0 , the
threshold SNR for Gaussian signaling is given by
(1)

𝒥𝐺 (𝑟) = 2𝑟 − 1 .

(28)

(1)
𝒥𝑃 (𝑟, {𝜆𝑗 })

We define
as the SNR threshold for the LT
output node profile {𝜆𝑗 } (node perspective) for BPSK modulation, which is computed using the extrinsic information
transfer (EXIT) function [11]. We optimize the profile via
finding
{𝜆∗𝑗 } = arg min max
{𝜆𝑗 }

𝑟∈ℛ0

(1)

𝒥𝑃 (𝑟, {𝜆𝑗 })
(1)

𝒥𝐺 (𝑟)

,

(29)

using differential evolution (DE) method [12]. Although in
our system 16- and 64-QAMs are also employed, since Gray
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(1)

𝛾=

max

𝒥𝑆 (𝑟, 𝑚, {𝜆∗𝑗 })
𝑀1

(𝑟,𝑚)∈ℛ0

(1)

𝒥𝐺 (𝑟)

,

(30)

4

3

2.5

2

(1)

where 𝒥𝑆 (𝑟, 𝑚, {𝜆∗𝑗 }) is the error-free decoding SNR for
1
the profile {𝜆∗𝑗 } from simulations for (𝑟, 𝑚) ∈ ℛ𝑀
0 . For
(1)
∗
each 𝒥𝑆 (𝑟, 𝑚, {𝜆𝑗 }), one hundred channel realizations are
simulated and the decoding is error-free if there is no decoding
error.
(1)
2) EXIT Function: The threshold 𝒥𝑃 (𝑟, {𝜆𝑗 }) is computed using EXIT functions as follows. Let {𝜌𝑗 } be the LT
input node profile also from the node perspective, which can
˜ 𝑗 } and {𝜌˜𝑗 } be the
be derived from the profile {𝜆𝑗 }. Let {𝜆
corresponding profiles from the edge perspective. Let {𝛾𝑖 }
and {˜
𝛾𝑖 } denote the profiles of the outer IRA code from the
node and edge perspectives, respectively, and 𝑑𝑐 = 59 denote
the concentrated check node degree for the IRA code. We
have that {𝜌𝑗 } satisfies a Poisson distribution with the average
degree
0.95 − 𝑟 ¯
𝜌¯ =
𝜆,
(31)
𝑟
¯ is the average degree of the profile {𝜆𝑗 }. Let 𝐼𝑣𝑐 and
where 𝜆
𝐼𝑐𝑣 be the mutual information (MI) from the LT input nodes
to the LT output nodes and the MI from the LT output nodes
to the LT input nodes, respectively, and 𝐼𝑣𝑝 and 𝐼𝑝𝑣 be the MI
from the LT input nodes to the IRA parity check nodes and the
MI from the IRA parity check nodes to the LT input nodes,
respectively. Let 𝐼𝑑𝑣 and 𝐼𝑑𝑐 be the MI from the channel to
the LT input and output nodes, respectively. For the channel
with AWGN of variance 𝜎 2 , we have [11]
𝐼𝑑𝑣

=
△

=

𝐼𝑑𝑐 = 𝐽(𝜎)
∫ ∞ −(𝜉−𝜎2 /2)2 /2𝜎2
𝑒
√
1−
log2 (1 + 𝑒−𝜉 )𝑑𝜉.(32)
2𝜋𝜎 2
−∞

Following the update of MI in [10], we present the update of
the above MI as follows from equations (33) - (36) on the top
of the next page.
Given an SNR value (defined as 𝑃/𝜎 2 ), the performance of
iterative decoder can be evaluated as follows. First initialize
𝐼𝑑𝑣 = 𝐼𝑑𝑐 = 𝐽(2/𝜎) according to (32) and all other MI to be
zero, then iteratively update 𝐼𝑣𝑐 and 𝐼𝑣𝑝 according to (33) and
(34), respectively, and then update 𝐼𝑐𝑣 and 𝐼𝑝𝑣 according to
(35) and (36), respectively. The decoding is successful if 𝐼𝑣𝑐
(1)
approaches one. The threshold 𝒥𝑃 (𝑟, {𝜆𝑗 }) is the minimum
SNR that ensures successful decoding.
3) Code Profile Optimization Results: We show the code
profile optimization results for 𝜇 = 1. Fig. 8 shows the gap
between the error free decoding SNR (no error decoding for
100 channel realizations) and the Gaussian signaling SNR (28)
for both the optimized profile (29) and Luby’s profile, for

Optimized profile
Luby’s profile

3.5

Gap to Limt (dB)

mapping is employed, the optimized code profile for BPSK
(QPSK) is also a good profile for the 16- and 64-QAMs.
1
Let ℛ𝑀
be a subset of the combination of the code rate
0
and modulation schemes 𝑅0 × {4-QAM, 16-QAM, 64-QAM}
1
where each elements (𝑟, 𝑚) ∈ ℛ𝑀
satisfy the constraint of
0
the spectrum efficiency and modulation schemes for 𝜇 = 1
given in Table I. For the employed codes with the optimized
profile {𝜆∗𝑗 }, we compute
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Fig. 8. The gap to Shannon limit for the optimized profile and Luby’s

profile.

different transmission rates. We fix the number of transmitted symbols to be 10000, and test the performance of the
optimized profile for the code rates in ℛ0 for 4-, 16-, and 64QAMs. Specifically, we simulate the optimized code profile
and Luby’s profile for the code rates 0.2, 0.3, 0.4, and 0.5 for
4-QAM, the code rates 0.3, 0.4, and 0.5 for 16-QAM, and
the code rates 0.4 and 0.5 for 64-QAM, which correspond
to the transmission rates 0.4, 0.6, 0.8, 1.0, 1.2, 1.6, 2.0, 2.4,
and 3.0. Fig. 8 shows that the maximal gaps for the optimized
profile and Luby’s profile are 2.0dB and 3.5dB, corresponding
to 𝛾 = 0.63 and 𝛾 = 0.45, respectively.
Remark - Code Design for 𝜇 = 2: For 𝜇 = 2, since one
user may be decoded individually or jointly with another user,
we need to find a good code profile for both the single-user
decoding and the two-user joint decoding. Furthermore, for
the two-user joint decoding, we need to find a good profile for
the combinations of all channel gains, all modulation schemes,
and all code rates for the two users. This makes the profile
optimization rather complicated, and the gap of the optimized
profile 𝛾 = 0.45 is significantly larger than that (𝛾 = 0.63)
for 𝜇 = 1. This is the reason that practical coding schemes
with group sizes 𝜇 = 2 and 3 perform worse than that with
group size 𝜇 = 1.
C. Simulation Results for System with Optimized Codes
1) SISO Channel: We use the same setup as that in
Section IV-C with group size 𝜇 = 1 and employ the codes with
the optimized profile and the optimized quantization tables
corresponding to the layered and un-layered coding. Fig. 9
shows the corresponding throughput, denoted as “layered,
optimum” and “un-layered, optimum”, respectively, for the
channel SNR 𝑃/𝜎 2 from 0dB to 9dB. The number of transmitted symbols is computed according (23) in Section IV-A3. At
each channel SNR, 1000 channel realizations are simulated
and the throughput is the total number of information bits

3070

IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 59, NO. 11, NOVEMBER 2011

𝐼𝑣𝑐

∑

=

𝛾𝑖 𝜌˜𝑗 𝐽

)
(√
(𝑗 − 1)[𝐽 −1 (𝐼𝑐𝑣 )]2 + [𝐽 −1 (𝐼𝑑𝑣 )]2 + 𝑖[𝐽 −1 (𝐼𝑝𝑣 )]2 ,

(33)

𝛾˜𝑖 𝜌𝑗 𝐽

)
(√
𝑗[𝐽 −1 (𝐼𝑐𝑣 )]2 + [𝐽 −1 (𝐼𝑑𝑣 )]2 + (𝑖 − 1)[𝐽 −1 (𝐼𝑝𝑣 )]2 ,

(34)

𝑖,𝑗

𝐼𝑣𝑝

∑

=

𝑖,𝑗

𝐼𝑐𝑣

= 1−

∑

˜𝑗 𝐽
𝜆

)
(√
(𝑗 − 1)[𝐽 −1 (1 − 𝐼𝑣𝑐 )]2 + [𝐽 −1 (1 − 𝐼𝑑𝑐 )]2 ,

(35)

𝑗

𝐼𝑝𝑣

= 1−𝐽

)
(√
(𝑑𝑐 − 1)[𝐽 −1 (1 − 𝐼𝑣𝑝 )]2 .

(36)
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Fig. 10. The simulated throughput in MISO channel with beamform-

Fig. 9. The simulated throughput with QAM and optimized rateless

ing.

codes.

divided by the total number of transmitted symbols. Recall
that based on the incremental transmission in Section V-A, for
each channel realization the number of transmitted symbols is
given by 𝑁𝑠 +𝑏Δ𝑁 where 𝑏 is the number of additional bursts
to guarantee successful decoding.
For comparison, we plot the throughput performance of the
rate table 𝒯 = {0.40, 0.80, 1.20, 1.60} for the layered and unlayered coding schemes, denoted as “layered uniform” and
“un-layered uniform”, respectively, in Fig. 9. It is seen that
the optimized 𝒯 provides larger throughputs. Furthermore,
we show the performance gain brought by the code profile
optimization. We employ the same optimized rate quantization
table 𝒯 and only substitute the optimized profile with Luby’s
robust soliton distribution profile in [13] (c.f. Table I in [13],
pp.2560) given by
Ω(𝑥)

=

0.008𝑥 + 0.494𝑥2 + 0.166𝑥3 + 0.073𝑥4
+0.083𝑥5 + 0.056𝑥8 + 0.037𝑥9
+0.056𝑥19 + 0.025𝑥65 + 0.003𝑥66 . (37)

The throughput of Luby’s profile for the layered and unlayered coding schemes, denoted as “layered, Luby profile”

and “un-layered, Luby profile”, respectively, is plotted in
Fig. 9. It is seen that the optimized profile significantly
outperforms Luby’s profile.
2) Extension to MISO Channel with Beamforming: Finally
we consider a MISO interference channel where each transmitter employs three antennas and each receiver employs one
antenna. The number of transmitter-receiver pairs is 𝐾 = 6.
The channel responses between any two antennas is an i.i.d.
complex Gaussian random variable 𝒩ℂ (0, 1). Assume that
each user employs a transmission power 𝑃 . Let ∣𝒯 ∣ = 4.
We compare two schemes: one employs the simple channel matching (CM) beamforming together with the proposed
CPGD with 𝜇 = 1 and the optimized rate quantization and
rateless code; the other scheme employs the linear MMSE
beamforming together with the single-user decoding. For the
latter, we design the corresponding practical coding scheme.
We follow the procedure given in Section IV to find the
optimal cutoff rate 𝑑1 , which maximizes the sum-rate of all
active users where the users with rates smaller than 𝑑1 are
inactivated, and then optimize the rate quantization set 𝒯 .
Fine tuning with incremental transmission is also employed
with the initial number of transmitted symbols derived based
on the same idea as that in Section IV-A3. We also optimize
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the Raptor code profile according to Section V-B.
Simulations are performed for both schemes at the SNR
from 0dB to 9dB each with 1000 channel realizations. The
throughput is plotted in Fig. 10 against the channel SNR 𝑃/𝜎 2 .
The CM beamforming with CPGD with and without layering, denoted as “CPGD layered” and “CPGD un-layered”,
respectively, exhibits significant performance improvement
over MMSE beamforming-based single-user coding scheme
denoted as “MMSE single-user”. The CM beamforming which
brings about stronger interference is more appropriate to the
interference decoding since strong interference can be decoded
before the decoding of intended messages.
VI. C ONCLUSIONS
In this paper, we have first proposed a generalization to
the Han-Kobayashi coding scheme for the general 𝐾-user
interference channel, where each user encodes its information
into different layers and transmits a superposition of the
signals corresponding to these layers. We have also proposed a
constrained partial group decoder (CPGD) which successively
decodes the different layer groups (which contain both the
useful signal and interference) to facilitate the decoding of
the useful message. We have provided a distributed algorithm
for determining the rate allocation among different layers
and the optimal ordered grouping of layers for CPGD. We
have further developed a practical design for the proposed
system that employs QAM and rateless code. Our results show
that the proposed layered coding scheme with CPGD can
offer significant sum-rate improvement over the traditional unlayered transmission with single-user decoding, especially in
the strong interference scenario. More importantly, it suffices
to have a group size of one in CPGD, which has a low
complexity to achieve most of the performance gain.
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