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Abstract—Motivated by missing data recovery for power system monitoring, we study the problem of matrix completion
when each column belongs to either one of a few low-dimensional
subspaces or the sum of a subset of subspaces. This novel model
“union and sums of subspaces” is a generalization of the model
of a union of subspaces (UoS) studied under subspace clustering.
It characterizes the low-dimensional nonlinear structure in highdimensional data points. We propose a convex-optimization-based
method to recover missing entries under this model and provide
its theoretical guarantee. Numerical experiment on power system
data is conducted to verify the effectiveness of the method.
Index Terms—Missing data recovery, low-dimensional structure, union of subspaces, sum of subspaces

I. I NTRODUCTION
Many practical datasets contain missing points. The problem
of missing data recovery finds applications in collaborative
filtering [1], computer vision [8], [34], machine learning [2],
[3], remote sensing [32], system identification [25], power
system monitoring [15], etc. Due to data correlations, a collection of data points often exhibits low-dimensional structures
despite its high dimension. The low-dimensional structures
have been utilized for various applications, such as dimensionality reduction and data compression [5], [11], [31], Internet
topology estimation [13], and power system monitoring [15],
[24]. Under this model, the missing data recovery problem can
be formulated as a low-rank matrix completion problem. If an
n × N (n < N ) real-valued matrix is rank r (r ≪ n), the
matrix can be correctly recovered as long as O(rN log2 N )1
randomly selected entries are observed ([6], [7], [17], [30]).
[12], [13], [18] considered matrix completion when the
columns belong to a union of k r-dimensional subspaces in
Rn . Since kr can be greater than n, the matrix is no longer
low-rank. Nevertheless, [13] shows that one can still recover
the matrix from O(rN log2 n) observed entries. Matrix completion under such model is equivalent to subspace clustering
with missing data. Subspace clustering [29], [36] aims to learn
the subspaces from data points that belong to the union of
subspaces and assign each point correctly to its corresponding
subspace. Numerous methods (e.g., [21], [23], [27], [33], [35],
[37]) have been developed for subspace clustering in diverse
1 We

use the big O notation g(n) ∈ O(f (n)) if as n goes to infinity,
g(n) ≤ C · f (n) eventually holds for some positive constant C.

fields such as disease clustering [26], user identification in
recommender systems [38] and music analysis [20].
In some applications, the model of a union of subspaces is
no longer accurate. In power system monitoring, each column
represents a quantity like a bus voltage or a line current
across time. Because a disturbance affects nearby quantities,
and the changes of these quantities are highly correlated, the
corresponding columns belong to the same subspace. When
multiple disturbances happen, and the affected regions partially overlap, the corresponding column of a quantity affected
by multiple disturbances belongs to the sum of multiple
subspaces. We say that the columns in this case belong to
the “union and sums” of subspaces and consider the missing
data recovery and subspace identification under this model.
Our contributions are threefold. (1) We propose a model
to characterize the low-dimensional nonlinear structure in
high-dimensional data points. (2) We propose a missing data
recovery method under such model and provide its theoretical
guarantee. We show that O(r2 N log3 n) observations are sufficient to determine the missing points of every column of an
n×N matrix with columns belonging to the “union and sums”
of k r-dimensional subspaces. (3) Numerical experiment on
power system data is conducted to verify the proposed method.
The rest of the paper is organized as follows. We summarize
the problem formulation and propose our method and theoretical guarantee in Section II. We provide the skeleton-proof
of the main theorem in Section III. Section IV records our
numerical experiment. We conclude the paper in Section V.
II. P ROBLEM F ORMULATION AND M AIN R ESULTS
A. Problem formulation and assumptions
Consider k linearly independent subspaces in Rn , denoted
by S1 , ..., Sk . Each subspace is at most r-dimensional. Denote
the sum of two subspaces2 Si and Sj (i 6= j) as Si,j . x ∈ Si,j
if and only if there exist y ∈ Si and z ∈ Sj such that x = y+z.
Assume Si
Si′ ,j ′ , ∀i′ , j ′ 6= i. An example of union and
sums of subspaces is shown in Fig. 1. The coherence of an
r-dimensional subspace Si is defined as
n
(1)
µ(Si ) := max kPSi ej k22 ,
r j
2 We consider the sum of two subspaces for notational simplicity here. The
analysis can be easily extended to a sum of a constant number of subspaces.
Further, the results in this paper can be directly extended to complex vectors.

where {ej } are the canonical unit vectors for Rn , and PSi is
the projection operator onto Si . We have
PSi := U i ((U i )T U i )−1 (U i )T ,

(2)

where U i is the orthonormal column span of Si . The coherence
of x ∈ Rn is defined as µ(x) := nkxk2∞ /kxk22 . Note that
kxk∞ is the maximum absolute value of the entries of x.

Subroutine 1 Local Neighbor Matrix Selection
Input: s0 , l0 , ζ0 , ǫ0 and t0 .
(i) Choose s0 columns uniformly at random as seeds and
discard all with less than ζ0 observations.
(ii) For each seed, find all columns with at least t0 observations at locations observed in the seed, and randomly select
l0 n columns from each such set.
(iii) Form local neighbor matrix by
√ selecting the columns
with partial distance less than ǫ0 / 2 from each seed.
′
Return: s′ (s′ ≤ s0 ) neighbor matrices {MΩ1 , ..., MΩs }.
Subroutine 2 Robust Subspace Completion for matrix MΩi
Input: Partially observed local neighbor matrix MΩi , λi . Find
(L∗i , Ci∗ ), the optimum solution to the following optimization problem.

Fig. 1: Lines S1 , S2 and S3 are three one-dimensional subspaces in R3 . x-marks stand for the points in S1,2 .
Consider a real-valued n × N matrix X. The l2 -norm of
each column is at most one. We say X is in the “union and
sums” of {S1 , ..., Sk } if the columns of X belong to the union
of Si and Si,j for i, j ∈ {1, ..., k}. pi denotes the fraction of
columns belong to Si . pij denotes
the fraction of columns
P
belong to Sij . Define qi =
j6=i pij , p∗ = mini (pi ) and
q∗ = mini (qi ). Given a vector x ∈ Rn and a positive constant
ǫ, we define the ball centered at x0 with radius ǫ as
Bx0 ,ǫ = {x ∈ Rn | kx − x0 k2 ≤ ǫ}.

(3)

Define Si,ǫ as the subset of points in Si that are at least
ǫ distance away from other subspaces and their sums. For
the partiallypobserved columns x1 and x2 , define the partial
distance as n/qk(x1 − x2 )ω k2 , where ω is the common set
of indices of size q where both x1 and x2 are observed. Given
matrix M , kM k∗ denotes its Nuclear Norm, which is the sum
of singular values. kM k1,2 denotes the sum of the l2 -norms of
its columns. We assume X satisfies the following assumptions.
A1. The coherences of Si and Si,j are bounded above by
µ0 . The coherence of each column is bounded above by µ1 .
For any pair of columns, x1 and x2 , the coherence of x1 − x2
is also bounded above by µ1 .
A2. Let 0 < ǫ0 < 1. There exist constants 0 < v0 ≤
1 and 0 < v1 < v2 ≤ 1, depending on ǫ0 such that: (i)
The probability that a column selected uniformly at random
belongs to Si,ǫ0 is at least v0 pi . (ii) If x belongs to Si,ǫ0 ,
the probability that a column selected uniformly at √
random
belongs to both Bx,ǫ0 /√3 and Si is at least v0 (ǫ0 / 3)r pi ,
and the probability that it belongs to both Bx,ǫ0 and any of
2r
Si,j ’s (j 6= i) is between v1 ǫ2r
0 qi and v2 ǫ0 qi .
Disturbances happen in power systems constantly [22]. Each
column of X represents the observations of a bus voltage or
line current across time. One disturbance may affect nearby
voltages and currents, and the corresponding columns belong
to the same subspace, as discussed in [15]. When multiple disturbances happen, quantities affected by multiple overlapping
disturbances belong to the sum of subspaces.

s.t. (L + C)Ω = MΩi

minL,C kLk∗ + λi kCk1,2

(4)

Compute the SVD of L∗i = Ui∗ Σ∗i Vi∗T .
Return: The subspace Si∗ , represented by Ui∗ .

Data losses often happen in power system due to communication congestion and device malfunction. To model the data
losses, we assume each entry of X is observed independently
with probability p0 . Ω denotes the set of observed entries. MΩ
denotes the observed entries in any submatrix M of X. Our
goal is to recover S1 , ..., Sk and the missing entries from XΩ
and classify each column to its corresponding subspace.
B. Missing data recovery and its theoretical guarantee
We first define some key quantities used in our method.
δ0 := cn−5 , s0 := ⌈
l0 := ⌈max(

log k + log δ10
(1 − exp(−

η1 µ20 r 2 log3 (4β0 n)
))v0 p∗
4v0

⌉,

2
8 log (2s0 /δ0 ) 12 log (2s0 /δ0 )
,
,
)⌉,
v0 ( √ǫ03 )r p∗ nv0 ( √ǫ03 )r p∗
nv1 ǫ2r
0 q∗

ζ0 := η1 µ20 r2 log3 (4β0 n)/v0 and t0 := ⌈8µ21 log(2s0 l0 n/δ0 )⌉,
for some positive constant c and η1 . Note that β0 ≥ 1 denotes
the ratio of the number of columns that belongs to exactly one
subspace to n in the neighbor matrices, and β0 ≤ l0 .
We first pick s0 columns, called seeds, uniformly at random
from XΩ and select l0 n nearest neighbors to form a local
neighbor matrix MΩi for each seed (Subroutine 1). Secondly,
Subroutine 2 is applied to each MΩi to estimate the subspace.
Thirdly, {Ŝ1 , ..., Ŝk } are identified from a set of candidate
subspaces and used as the estimation of {S1 , ..., Sk }. Assign
each partially observed column xω to its closest Ŝij and use
its closest point in Ŝij as an estimate of x (Subroutine 3).
Our method differs from [13] mainly in Subroutine 2. One
recovers Si from a group of partially observed columns. Under
the UoS model, all these points belong to Si , and low-rank
matrix completion methods can be applied to identify Si , as
described in [13]. Under our generalized model, however, part

Subroutine 3 Subspace Refinement and Erasure Estimation
Input: s (s ≤ s′ ) candidate subspaces {S1∗ , ..., Ss∗ }. Partially
observed matrix X̃Ω .
Sort {S1∗ , ..., Ss∗ } in the increasing order of the rank, denoted
as S(1) , ..., S(s) . Define Ŝ1 := S(1) , and set j to be one.
for i = 2, ..., s do
if S(i) is not in the span of {Ŝ1 , ..., Ŝj } and j ≤ k then
j ← j + 1 and Ŝj := S(i) .
end if
end for
For each partially observed column xω , find
(i∗ , j ∗ ) = arg min(kxω − Pω,Ŝi,j xω k2 ),

(5)

i,j

∗

Estimate x by x̂ = Û i

,j ∗

∗

((Ûωi

,j ∗ T

∗

) Ûωi

,j ∗ −1

)

∗

(Ûωi

,j ∗ T

) xω .

Return: {Ŝ1 , ..., Ŝk } and X̂.
of these points belong to Si,j for some j, which can be viewed
as a matrix separation problem [9]. We use (4) to recover Si .
Its solution L∗ represents a low-rank matrix containing points
in the low-dimensional subspace, and C ∗ represents a columnsparse matrix containing points not in the subspace.
Theorem 1. Suppose that n ≥ 32 and each entry of X is
observed independently with probability p0 ≥ p. If
p ≥ 2η1 µ20 r2 log3 (4β0 n)/(nv0 ),

(6)

Lemma 2 (Lemma 3 of [13]). Assume A1 holds and let y =
x1 − x2 . Assume there is a common set of indices ω of size
q ≤ n where both x1 and x2 are observed. Let yω denote
the corresponding subset of y. Then for any δ > 0, if q ≥
8µ21 log(2/δ), then with probability at least 1 − δ
kyk22 /2 ≤ nkyω k22 /q ≤ 3kyk22 /2.

We pick t0 := ⌈8µ21 log(2s0 l0 n/δ0 )⌉, then δ = δ0 /(s0 l0 ) in
Lemma 2. From Lemma 2 and the union bound, we know that
with probability at least 1−δ0 , (10) holds for all s0 l0 n columns
selected in Step (ii) for all s0 neighbor matrices, where x1
and x2 represent a seed and a selected column for that seed
ǫ0
respectively. Every point within √
of the seed has partial
3
ǫ0
√
distance within 2 of the seed and thus, would be selected in
Step (iii). Every point selected in Step (iii), which means its
ǫ0
partial distance is within √
of the seed, is within ǫ0 away
2
1
√ denotes the
from the seed. For each seed x ∈ Si,ǫ0 , Tx,ǫ
0/ 3
2
√
number of columns belong to both Bx,ǫ0 / 3 and Si , and Tx,ǫ
0
denotes the number of columns belong to both Bx,ǫ0 and any
1
√
of Si,j ’s (j 6= i). In the neighbor matrix of x, at least Tx,ǫ
0/ 3
2
columns belong to Si , and at most Tx,ǫ0 columns not in Si .
Lemma 3. Assume A2 holds. If the number of columns
selected for each seed, ln, such that,
l ≥ max(

2

,
v0 ( √ǫ03 )r p∗

η2 v0
√
qi ≤
12v2 ( 3ǫ0 )r (1 +

p2

2µ
√0 r )2 µ3 r3
0
p n

log6 (4β0 n)

(7)
and
pi , ∀i, (8)

with probability at least 1 − (3 + s0 )δ0 , subspaces {S1 , ..., Sk }
are correctly recovered for some β0 ≥ 1 and positive constants
η1 and η2 . Furthermore, with probability at least 1 − (4k(k −
1) + 2)δ0 , every fixed column of X is correctly recovered.
III. S KELETON -P ROOF

OF

T HEOREM 1

The proof follows the same line as the proof of Theorem
2.1 in [13]. The skeleton-proof will be presented according to
the steps of the method. Please refer to [14] for the proofs.
A. Selection of local neighbor matrix
Lemma 1. Assume A1 holds. If the number of seeds,
s≥

log k + log δ10
(1 −

η µ2 r 2 log3 (4β n)
exp(− 1 0 4v0 0 ))v0 p∗

,

(9)

then with probability at least 1−δ0 , for all i = 1, ..., k, at least
one seed is in Si,ǫ0 , and each seed has at least ζ0 observed
entries for some β0 ≥ 1 and absolute constant η1 .
Lemma 1 guarantees that if enough seeds are selected, then
with high probability at least one seed is in Si,ǫ0 , ∀i, and has
at least ζ0 observed entries.

8 log (2s/δ0 ) 12 log (2s/δ0 )
,
), (11)
nv0 ( √ǫ03 )r p∗
nv1 ǫ2r
0 q∗

then with probability at least 1 − δ0 , it holds that

2

N ≥ 2l0 n(2s0 l0 n/δ0 )−8µ1 log p ,

(10)

1
2
ǫ
/Tx,
Tx,ǫ
√0
0

3

1
ǫ
≥ n,
Tx,
√0
3
√
≤ 3v2 ( 3ǫ0 )r qi /(v0 pi ), ∀i,

(12)
(13)

for all the seeds x that belong to Si,ǫ0 for any i.
It guarantees that the local neighbor matrix of seed x in
Si,ǫ0 has at least n columns in Si and the number of columns
not in Si is upper bounded by (13) when l is sufficiently large.
2

Lemma 4. If N ≥ 2l0 n(2s0 l0 n/δ0 )−8µ1 log p and ζ0 > t0 ,
then Subroutine 1 satisfies the following, at least one seed x
belongs to Si,ǫ0 for each i = 1, ..., k, and (12) and (13) hold
with probability at least 1 − 3δ0 .
Lemma 4 says that if N is sufficiently large, at least one
seed x is in Si , ∀i. Its neighbor matrix has at least n columns
in Si , and the ratio of the number of columns
√ not in Si to the
number of columns in Si is at most 3v2 ( 3ǫ0 )r qi /(v0 pi ).
B. Local subspace estimation
We here show that {S1 , ..., Sk } can be correctly identified
even when local neighbor matrices contain columns outside
the subspace of interest.
Lemma 5. Suppose there exists at least one seed x in Si for
every Si , i = 1, ..., k such that (12) holds, for every Si , i =
1, ..., k, Assume n ≥ 32. All neighbor matrices are observed
uniformly at random with probability p0 ≥ p. If
p ≥ 2η1 µ20 r2 log3 (4β0 n)/(nv0 ),

(14)

4(1 +

2µ
√0 r )2 µ3 r3
0
p n

Please refer to [9] for the exact definition of λi . Augmented
Lagrange Multiplier (ALM) method [9] can be utilized to
facilitate efficient solution to Subroutine 2 with a quasilinear
convergence speed. The condition (8) in Theorem 1 implies
√
p2
3v2 ( 3ǫ0 )r qi
≤ η2
, ∀i. (16)
√0 r )2 µ3 r3 log6 (4β0 n)
v0 pi
4(1 + 2µ
0
p n
By applying the union bound to lemma 4 and lemma 5, we can
prove that {S1 , ..., Sk } belongs to the output of Subroutine 2
with probability at least (1 − (3 + s0 ))δ0 .
For a seed not in Si,ǫ0 , the recovered subspace of its
neighbor matrix might not belong to {S1 , ..., Sk }. In this case,
this subspace has rank greater than r and will be deleted in
the refinement step in Subroutine 3. Therefore, {Ŝ1 , ..., Ŝk } is
the correct estimation of {S1 , ..., Sk } with high probability.
C. Matched subspace assignment
Lemma 6. Assume A1 holds, and p0 satisfies
p0 ≥ p ≥ 2η1 µ20 r2 log3 (4β0 n)/(nv0 ).

(17)

Then with probability at least 1 − (4k(k − 1) + 2)δ0 , if the
column of interest x ∈ Ŝi , for any i′ 6= i,
′

0 = kxω − Pω,Ŝi,j xω k2 < kxω − Pω,Ŝ ′ ′ xω k2 , ∀j, j ; (18)
i ,j

if the column of interest x ∈ Ŝi,j , for any (i′ , j ′ ) 6= (i, j),
0 = kxω − Pω,Ŝi,j xω k2 < kxω − Pω,Ŝ ′ ′ xω k2 .
i ,j

(19)

Lemma 6 shows that each column xω is assigned to the
right subspace by (5). Since the dimension of a subspace is at
most 2r, and the number of observations in xω is greater than
2r, then x can be correctly recovered.

37, 38 and 39. Each PMU measures the voltage phasor and
the current phasors at a rate of thirty samples per second. The
sixteen PMUs measure fifty-seven voltage and current phasors.
We consider the scenario that the outputs of two generators
have sharp decrease due to sudden decrease of mechanical
torques (Fig. 2). One disturbance happens around t = 0.1 s,
when the output of generator 32 drops. The other disturbance
happens around t = 1.7 s, when the output of generator 33
drops. Let the matrix X in C90×57 contain the PMU data in
three seconds. Each column corresponds to the measurements
of one PMU channel across time. Each row corresponds to the
PMU measurements at the same sampling instant.
7
Generator 32
Generator 33

6
5
4
3
2
1
0

0.5

1

1.5

2

Time (second)
(a)

2.5

3

Voltage magnitude (per unit)

3

Bus 2
Bus 6
Bus 12

1.2
1.1
1
0.9
0.5

1

1.5

2

Time (second)
(b)

2.5

3

Fig. 2: (a) Active power of generator 32 and 33; (b) Voltage
magnitudes at bus 2, 6 and 12.
We randomly delete some simulated PMU measurements.
Fig. 3 shows the relative recovery error of SVT, HRMC and
our method. The performance of our method is generally better
than SVT and HRMC when pavg is below 0.5.
Relative recovery error

p2

Active power (per unit)

1
2
ǫ
/Tx,
Tx,ǫ
≤ η2
√0
0

,
log6 (4β0 n)
(15)
for at least one seed x in Si , ∀i, then with probability at
least 1 − s0 δ0 , {S1 , ..., Sk } belong to the candidate subspaces
{S1∗ , ..., Ss∗′ } returned by Subroutine 2 with properly chosen
λi ’s, where η1 and η2 are the absolute constants.
and

0.25
0.2

SVT
HRMC
Our method

0.15
0.1
0.05
0
0

0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50

Average erasure rate

Fig. 3: Relative recovery errors of SVT, HRMC and our
method on simulated PMU data.

V. C ONCLUSION
IV. S IMULATION
We explore the performance of our method on simulated
PMU data. We compare it with one low-rank matrix completion method Singular Value Thresholding (SVT) and the
high-rank matrix completion method [13] denoted by HRMC.
In order to implement HRMC, Si,j is treated as a separate
subspace. We use CVX [16] to solve Subroutine 2. The
recovery performance is measured by the relative recovery
error kX − Xrec kF /kXkF , where X denotes the actual data
matrix, and Xrec denotes the recovered data matrix. The
average erasure rate pavg is the percentage of missing entries.
We use power system toolbox (PST) [10] to simulate the
PMU data based on the linear model of IEEE 39 New England
Power System [19][28]. We assume that sixteen PMUs are
installed at bus 2, 4, 6, 8, 10, 12, 16, 18, 20, 22, 26, 33, 36,

We explore the matrix completion problem when each column belongs to either one of the low-dimensional subspaces
or the sum of a subset of the subspaces. We propose a convexoptimization-based method to reconstruct the missing entries
of such matrix and provide its theoretical guarantee. Although
motivated by power system monitoring, our results can be
applied to other scenarios like Internet topology estimation
and recommender system. We are currently developing online
methods for missing data recovery under this model.
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A PPENDIX
A. Proof of Lemma 1
Proof. From (6), we have that the expected number of observed entries per column is at least
ζ = 2η1 µ20 r2 log3 (4β0 n)/v0 .

(20)

Let ζ̂ denote the number of observed entries in a column
selected uniformly at random. By Chernoff’s bound, we have
P(ζ̂ ≤ ζ/2) ≤ exp(−ζ/8).

(21)

The probability that a randomly selected column belongs to
Si,ǫ0 and has ζ/2 or more observed entries is at least v0′ , where
v0′ := (1 − exp(−ζ/8))v0 pi .

(22)

Consider a set of s randomly selected columns. The probability
that this set does not contain a column from Si,ǫ0 with at least
ζ/2 observed entries is less than (1 − v0′ )s . Then from union
bound, the probability that this set does not contain at least
one column from Si,ǫ0 with ζ/2 or more observed entries, for
any i = 1, ..., k, is less than
k
X
i=1

(1 − (1 − exp(−ζ/8))v0 pi )s .

Choose
s=

log k + log δ10
log

1/((1−exp(−ζ/8))v0 p∗ )
1/((1−exp(−ζ/8))v0 p∗ )−1

(23)

(24)

such that
δ0 = k(1 − (1 − exp(−ζ/8))v0 p∗ )s

(25)

holds. Lemma 1 then holds with probability at least 1−δ0 . The
x
result follows by noting that log( x−1
) ≥ x1 , for x > 1.
B. Proof of Lemma 3
Proof. The probability that a column selected uniformly at
random from X belongs to both Bx, √ǫ0 and Si is at least
3
√
1
v0 (ǫ0 / 3)r pi . Therefore the expectation of Tx,
satisfies
ǫ
√0
3

1
ǫ )
E(Tx,
√0
3

√
≥ lnv0 (ǫ0 / 3)r pi .

(26)

The probability that a column selected uniformly at random
from X belongs to both Bx,ǫ0 and the sum of subspaces is
2r
between v1 ǫ2r
0 qi and v2 ǫ0 qi . Therefore the expected number
of points is
2r
2
lnv1 ǫ2r
0 qi ≤ E(Tx,ǫ0 ) ≤ lnv2 ǫ0 qi .

(27)

By Chernoff’s bound, we have
1
1
1
ǫ
ǫ
ǫ )/2) ≤ exp(−E(T
P (Tx,
< E(Tx,
√0
√0
x, √0 )/8).
3

3

(28)

hold. The conditions in (36), (38) and (39) lead to the
requirement
l ≥ max(

8 log (2s/δ0 ) 12 log (2s/δ0 )
2
,
,
).
v0 ( √ǫ03 )r pi nv0 ( √ǫ03 )r pi
nv1 ǫ2r
0 qi

(40)

Then combining (31), (35), (36), (38) and (39), we have
1
Tx,
≥ n and
ǫ
√0
3

√
1
2
ǫ
≤ 3v2 ( 3ǫ0 )r qi /(v0 pi ).
/Tx,
Tx,ǫ
√0
0

(41)

3

hold for a given i with probability at least 1−δ0/s. Finally, by
taking the union bound over s subspaces, the claim follows.
C. Proof of Lemma 4
Proof. Let γ0 denote the probability that a column selected
uniformly at random has at least t0 observed indices in
common with a fixed seed. Note that each seed has at least ζ0
observed entries. Then we have
ζ0  
X
ζ0 j
p (1 − p)ζ0 −j .
(42)
γ0 ≥
j
j=t
0

3

Note that from (26) we have
√
1
1
1
ǫ )/2),
ǫ
ǫ
< lnv0 (ǫ0 / 3)r pi /2) ≤ P (Tx,
< E(Tx,
P (Tx,
√0
√0
√0
3
3
3
(29)
√
r
1
ǫ0 )/8) ≤ exp(−lnv0 (ǫ0 /
3)
p
/8).
and exp(−E(Tx,
i
√
3
(30)
Combining (28), (29) and (30), we have
√
√
1
ǫ
P (Tx,
< lnv0 (ǫ0 / 3)r pi /2) ≤ exp(−lnv0 (ǫ0 / 3)r pi /8).
√0
3
(31)
Similarly, from Chernoff’s bound we have
2
2
2
)/12).
)/2) ≤ exp(−E(Tx,ǫ
> 3E(Tx,ǫ
P (Tx,ǫ
0
0
0

2
2
2
> 3lnv2 ǫ2r
P (Tx,ǫ
0 qi /2) ≤ P (Tx,ǫ0 > 3E(Tx,ǫ0 )/2), (33)
0

(34)

Combining (32), (33) and (34), We have
2r
2
> 3lnv2 ǫ2r
P (Tx,ǫ
0 qi /2) ≤ exp(−lnv1 ǫ0 qi /12).
0

We choose l sufficiently large such that
√
lnv0 (ǫ0 / 3)r pi /2 ≥ n.

(35)

(36)

From (31) and (35), the probability that (13) does not hold is
no greater than P1 + (1 − P1 )P2 , where
√
lnv0 (ǫ0 / 3)r pi
lnv1 ǫ2r
0 qi
P1 := exp(−
), and P2 := exp(−
).
8
12
(37)
We choose l sufficiently large such that
√
(38)
exp(−lnv0 (ǫ0 / 3)r pi /8) ≤ δ0 /(2s),
and exp(−lnv1 ǫ2r
0 qi /12) ≤ δ0 /(2s)

Suppose N ≥ 2l0 γ0−1 n, then with probability at least 1 −
s0 exp(−l0 n/4) for each seed, there exist at least l0 n columns
that have at least t0 observed indices in common with the seed.
Note that s0 exp(−l0 n/4) tends to zero exponentially in n, and
2

γ0 ≥ pt0 = exp(t0 log p) ≥ (2s0 l0 n/δ0 )8µ1 log p .

(39)

(44)

Then we have

(32)

From (27) we have

2
)/12) ≤ exp(−lnv1 ǫ02r qi /12).
and exp(−E(Tx,ǫ
0

Let ñ denote the number of columns with t0 or more observed
indices in common with a fixed seed. By Chernoff’s bound,
we have
P(ñ ≤ γ0 N/2) ≤ exp(−γ0 N/8).
(43)

2

N ≥ 2l0 n(2s0 l0 n/δ0 )−8µ1 log p .

(45)

By taking the union bound on Lemma 1, the arguments after
Lemma 2, and Lemma 3, Lemma 4 follows.
D. Proof of Lemma 5
Proof. Given a matrix M ∈ Rn×t , which can be decomposed
as M = L0 + C0 . The rank of L0 is r. C0 represents the
column corruptions. Let γ denote the fraction of corrupted
columns in M . C0 has γt non-zero columns. ρ denotes
the percentage of the observed entries in the non-corrupted
columns. β0 is the ratio of the number of non-corrupted
columns to n.
Lemma 7 (Theorem 1 of [9]). Consider an n × t matrix M
and row and column spaces with coherences bounded above by
some constant µ0 . Suppose M is uniformly random sampled,
n ≥ 32, β0 ≥ 1, r ≤ r, γ ≤ γ and ρ ≥ ρ. If (r, γ, ρ) satisfies
ρ ≥ η1 µ20 r 2 log3 (4β0 n)/n
and

γ
≤ η2
1−γ
(1 +

ρ2
µ√
0r 2 3 3
) µ0 r
ρ n

log6 (4β0 n)

(46)
,

(47)

where η1 and η2 are absolute constants, then with probability
at least 1 − cn−5 for constant c > 0, it holds that PI0c (L∗ ) =
L0 , PU0 (L∗ ) = L∗ , and I ∗ = I0 , where (L∗ , C ∗ ) is the
solution of the convex program
min
L,C

kLk∗ + λkCk1,2

subject to

(L + C)Ω = MΩ

(48)

E. Proof of Lemma 6

q
with λ = ρ/(γµ0 rt log2 (4β0 n))/48.

Because the neighbors for each seed are identified by firstly
selecting the columns that have at least t0 overlaps with
the observations of each seed, the partially observed local
neighbor matrices are not sampled uniformly at random. We
here apply the thinning process introduced in [13] to address
this issue. We summarize the thinning process as follows.
Define a Bernoulli random variable Y , which is ‘1’ with
probability ρ and ‘0’ with probability 1 − ρ. Define a random
variable Z, which takes the values in {0, ..., t0 − 1} with the
probability density

t i
P(Z = i) =
(49)
p (1 − p0 )t−i /(1 − ρ).
i 0
For each column, draw an independent sample of Y . If the
sample is 1, keep the column. Otherwise, draw an independent
sample of Z, denoted by z. Select a random subset of size
z from the observed entries in the support of the seed and
discard the remainder. It is shown in [13] that after the thinning
procedure, the resulting sampling is equivalent in distribution
to uniform sampling with ρ. We then can apply the theoretical
result of Lemma 7 to our problem setup.
Assume (14) and (15) hold, we here will show that
{S1 , ...Sk } belong to the candidate subspaces {S1∗ , ..., Ss∗ }
returned by Subroutine 2 with probability at least 1 − s0 cn−5
for constant c > 0. Given a seed x in Si and its neighbor
matrix, we treat the columns in Si as non-corrupted columns
and the columns not in Si as the corrupted columns. Since
(14), then β0 ≥ 1. We will show (46) and (47) are met for
this neighbor matrix, and then Lemma 5 can be applied.
The random number of entries observed in the n×β0n noncorrupted matrix is m̂ ∼ Binomial(p, β0 n2 ). By Chernoff’s
bound, we have
P(m̂ ≤ β0 n2 p/2) ≤ exp(−β0 n2 p/8).

(50)

(51)

Combining (50) and (51) and applying the union bound, we
have with probability at least 1 − s0 exp(−β0 n2 p/8) in all of
the s0 neighbor matrices, it holds that
ρ = m̂/(β0 n2 ) ≥ p/2 ≥ η1 µ20 r2 log3 (4β0 n)/(v0 n).

(52)

Then (46) is met. Let γ denote the percentage of corrupted
columns in the neighbor matrix. From the discussion after
Lemma 2, we know
1
2
ǫ .
/Tx,
γ/(1 − γ) ≤ Tx,ǫ
√0
0
3

Proof. Consider a column x in matrix X. Let ω denote the
set of indices of the observed entries in x, and let m = |ω|.
Lemma 8 (Theorem 1 of [4]). Pick any δ > 0 and m >
16
4r
3 rρ1 µ0 log( δ ). Then with probability at least 1 − 4δ,
2

m(1 − a) − 2rρ1 µ0 (1+b)
(1−c)

kx̃−PŜi,j x̃k22 ≤ kx̃ω −Pω,Ŝi,j x̃ω k22 ,
(54)
m
2
2
and kx̃ω − Pω,Ŝi,j x̃ω k2 ≤ (1 + a) kx̃ − PŜi,j x̃k2 , (55)
n
p
p
2
where a = 2µ2 log(1/δ)/m, b = 2µ2 log(1/δ), and c =
p
16rρ1 µ0 log(4r/δ)/(3m).
n

We here consider the case that the column x belongs
to Ŝi,j . Let δ = δ0 in Lemma 8. We then have that
kxω − Pω,Ŝi,j xω k22 = 0 with probability at least 1 − 4δ0 . If
m > 16rµ0 log(4r/δ0 )/3

(56)

2

m(1 − a) − 2rµ0 (1+b)
(1−c)

kx − PŜ ′ ′ xk22
(57)
i ,j
q
2µ21
1
hold for any (i′ , j ′ ) 6= (i, j), where a =
m log( δ ), b =
q
q
4r
0
2µ1 log( 1δ ) and c = 16rµ
3m log( δ ), then by union bound,
we have
and 0 <

n

kxω − Pω,Ŝi,j xω k2 < kxω − Pω,Ŝ ′ ′ xω k2
i ,j

(58)

hold for any (i′ , j ′ ) 6= (i, j) with probability at least 1−2k(k−
1)δ0 . Then in order to let (56) and (57) hold in our setup, we
must have
16
4r 2rµ0 (1 + b)2
m > max( rµ0 log( ),
).
(59)
3
δ0 (1 − c)(1 − a)
By Chernoff’s bound, we have

P(m ≤ np0 /2) ≤ exp(−np0 /8) < δ0 ,

(60)

and note that

From (14), we have
β0 n2 p/2 ≥ η1 µ20 r2 β0 n log3 (4β0 n)/v0 .

Since n2 p > r2 n log3 n and s0 = O(n log n), then
s0 exp(−β0 n2 p/8) tends to zero exponentially in n. Since the
right side of (15) increases as p increases, and ρ ≥ p/2, then
(47) is met. Then, Lemma 5 holds with probability at least
1 − s0 δ0 , where δ0 is cn−5 for some constant c > 0.

(53)

np0 /2 ≥ η1 µ20 r2 log3 (4β0 n)/v0 .

(61)

We only need to show the right side of (61) is larger than
the right side of (59). For the first term in the max of (59),
there is an O(r log2 (n)) gap between η1 µ20 r2 log3 (4β0 n)/v0
4r
and 16
3 rµ0 log( δ0 ). Therefore, the former is larger when
n is sufficiently large. Note that a = Θ(1/ log(n)) and
c = Θ(1/ log(n)). For the second term in the max of (59),
a sufficiently large n can be found such that both a ≤ 1/2
and c ≤ 1/2. We then have
1
(1 + b)2
≤ 4(1 + b)2 ≤ 8b2 = 16µ1 log( )
(1 − c)(1 − a)
δ0

(62)

if b is greater than 2.5. Note that there is an O(r log2 (n)) gap
between η1 µ20 r2 log3 (4β0 n)/v0 and 16µ1 log( δ10 ). Therefore,
the former is larger when n is sufficiently large. From (60),
we have that the inequality (59) holds with probability 1 − δ0.
By union bound, we have that if the column x ∈ Ŝi,j ,
0 = kxω − Pω,Ŝi,j xω k2 < kxω − Pω,Ŝ ′ ′ xω k2 ,
i ,j

(63)

holds for any (i′ , j ′ ) 6= (i, j) with probability at least 1 −
(2k(k − 1) + 1)δ0 . The analysis for the case that the column
x belongs to exact one subspace is similar with the analysis
above. If x ∈ Ŝi , we have that
0 = kxω − Pω,Ŝi,j xω k2 < kxω − Pω,Ŝi′ ,j′ xω k2 ,

(64)

holds for any i′ 6= i with probability at least 1 − (2k(k −
1) + 1)δ0 . Then by union bound, we have lemma 6 hold with
probability at least 1 − (4k(k − 1) + 2)δ0 .

